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4Wkh uvw dxwkru dfnqrzohgjhv wkh krvslwdolw| dqg qdqfldo vxssruw iurp wkh
Fhqwhu iru Ilqdqfldo Vwxglhv dw wkh Xqlyhuvlw| ri Iudqnixuw2Jhupdq| dqg wkh vxs0
sruw ri wkh Qruwk Fdurolqd Vxshufrpsxwlqj Fhqwhu1 Wkh vhfrqg dxwkru wkdqnv wkh
Urgqh| O1 Zklwh Fhqwhu iru Ilqdqfldo Uhvhdufk dw wkh Xqlyhuvlw| ri Shqqv|oydqld
iru vxssruw1 Zh duh judwhixo wr Wrq| Ehuqdugr/ Iudqfhvfd Fruqhool/ Shwh N|oh/
Nulvwldq U|gtylvw dqg Pduf ]hqqhu iru khosixo frpphqwv dqg vxjjhvwlrqv rq d
suhylrxv gudiw ri wklv sdshu1Wzr0Fodvv Yrwlqj= D Phfkdqlvp iru
Frq lfw UhvroxwlrqB
Devwudfw
Wklv sdshu glvfxvvhv wkh phulwv ri wzr0fodvv yrwlqj surfhgxuhv zkhuh yrwhuv duh
vhsdudwhg lqwr fodvvhv wkdw yrwh vhsdudwho|1 D surplqhqw h{dpsoh duh Fkdswhu 44
edqnuxswf| surfhhglqjv/ zkhuh fodlp0kroghuv zkr ghflgh rq d zrunrxw sursrvdo
duh glylghg lqwr fodvvhv/ dqg wkh dssurydo ri wkh sursrvdo qhhgv d pdmrulw| ri wkh
yrwhv lq hdfk fodvv1 Vrph srolwlfdo phfkdqlvpv hpsor| d vlplodu surfhvv1 Zh dqd0
o|}h wzr0fodvv yrwlqj lq d frqwh{w zkhuh yrwhuv kdyh frq lfwv ri lqwhuhvw dv zhoo dv
glhuhqfhv ri rslqlrq uhjduglqj d sursrvdo1 Zh lqyhvwljdwh krz yrwlqj phfkdqlvpv
djjuhjdwh lqirupdwlrq glvshuvhg dprqj yrwhuv1 Zh qg wkdw wzr0fodvv yrwlqj sur0
ylghv d vljqlfdqw lpsuryhphqw ryhu vlqjoh0fodvv yrwlqj lq doo wkrvh vlwxdwlrqv zkhuh
yrwhuv kdyh vljqlfdqw frq lfwv ri lqwhuhvwv/ dqg zkhuh wkh hohfwrudwh lv uhodwlyho|
hyhqo| glylghg ehwzhhq glhuhqw lqwhuhvw jurxsv1 Wkhq yrwlqj lq krprjhqhrxv
jurxsv surylghv yrwhuv zlwk surwhfwlrq djdlqvw h{sursuldwlrq dqg doorzv wkhp wr
uhyhdo wkhlu lqirupdwlrq wkurxjk yrwlqj1 Krzhyhu/ wzr0fodvv yrwlqj lv lqh!flhqw
iru uhodwlyho| krprjhqrxv hohfwrudwhv1
MHO Fodvvlfdwlrq= J63/ J67/ G:5
Nh|zrugv= Lqirupdwlrq djjuhjdwlrq/ Yrwlqj/ Frusrudwh frqwuro/
Edqnuxswf|
541 Lqwurgxfwlrq
Lq pdq| vlwxdwlrqv yrwlqj frqwhvwv duh uhvroyhg e| jurxslqj yrwhuv lqwr vhsdudwh
fodvvhv/ vr wkdw wkh sursrvdo sxw wr d yrwh lv rqo| sdvvhg li lw uhfhlyhv d pdmrulw|
iurp erwk fodvvhv ri yrwhuv=
 Xqghu Fkdswhu 44 ri wkh Ihghudo Edqnuxswf| Uhirup Dfw ri 4<:;/ fuhglwruv
dqg vkduhkroghuv duh glylghg lqwr fodvvhv iroorzlqj d uhrujdql}dwlrq sursrvdo1
Wkh sursrvdo lv rqo| dffhswhg li lw uhfhlyhv d pdmrulw| iurp erwk fodvvhv ri
fodlp0kroghuv1
 Lq vrph frxqwulhv frqvwlwxwlrqdo dphqgphqwv qhhg vhsdudwh dssurydo iurp
glhuhqw erglhv= Ehojlxp uhtxluhv wkdw wkh Zdoorrq dqg wkh Iohplvk uhjlrq
ri wkh frxqwu| dssuryh fhuwdlq odzv vhsdudwho|15
 Fryhqdqwv ri suhihuuhg vwrfn vrphwlphv uhtxluh wkdw phujhuv duh djuhhg vhs0
dudwho| e| frpprq vwrfn dqg suhihuuhg vwrfn kroghuv1
Wkh sxusrvh ri wklv sdshu lv wr vwxg| wzr0fodvv yrwlqj dv d phfkdqlvp wr uhvroyh
glhuhqfhv ri rslqlrq dqg frq lfwv ri lqwhuhvw1 Frqvlghu wkh fuhglwruv ri wkh up lq
Fkdswhu 44 edqnuxswf| zkr kdyh wr ghwhuplqh zkhwkhu d sursrvdo iru d zrunrxw
vkrxog eh dffhswhg/ ru zkhwkhu wkh up vkrxog eh oltxlgdwhg1 Hdfk fuhglwru kdv
vrph lqirupdwlrq dqg wkhuhiruh dq rslqlrq rq wkh txhvwlrq zklfk dowhuqdwlyh zrxog
pd{lpl}h wkh ydoxh ri wkh up dqg pdnh doo fodlp0kroghuv froohfwlyho| ehwwhu r1
Krzhyhu/ vxssrvh vhqlru fuhglwruv kdyh wr jlyh xs pruh ri wkhlu fodlpv wkdq mx0
qlru fuhglwruv/ fuhdwlqj d frq lfw ri lqwhuhvw ehwzhhq fuhglwruv ri glhuhqw fodvvhv1
5Wklv vwuhqjwkhqhg vshfldo pdmrulw|surfhgxuh dssolhv rqo| wr vrph odzv wkdw dhfw wkh
srzhu ri wkh uhjlrqv1 Wkhvh uhtxluh wkdw +l, 83( ri hdfk odqjxdjh jurxs vkrxog eh suhvhqw/ +ll,
83( ri hdfk odqjxdjh jurxs yrwhv lq idyru dqg +lll, wkh wrwdo ri |hv yrwhv lq erwk jurxsv h{fhhgv
526 ri doo yrwhv fdvw1 Zh duh judwhixo wr Pduf ]hqqhu iru surylglqj xv zlwk wklv lqirupdwlrq1
4Wkhq vhqlru fuhglwruv pd| yrwh djdlqvw d zrunrxw sursrvdo hyhq wkrxjk wkh| kdyh
uhfhlyhg sulydwh lqirupdwlrq lqglfdwlqj wkdw dffhswlqj wkh zrunrxw zrxog lqfuhdvh
djjuhjdwh ydoxh16 Vlploduo|/ mxqlru fuhglwruv pd| yrwh lq idyru ri dq lqh!flhqw
zrunrxw ehfdxvh wkh| uhfhlyh vx!flhqw wudqvihuv1 Lq vkruw/ lqglylgxdov duh fdoohg
wr yrwh rq d vxemhfw zkhuh wzr wklqjv pdwwhu= wkh lqirupdwlrq wkh| kdyh rq wkh
sursrvdo/ dqg vshflf lqwhuhvwv wkdw vhw wkhp dsduw iurp rwkhu yrwhuv1 Li wkh frq0
 lfw ri lqwhuhvw ehwzhhq glhuhqw jurxsv ri yrwhuv lv vx!flhqwo| vwurqj/ wkhq wkh|
zloo yrwh dffruglqj wr wkhlu suhihuhqfhv dqg ljqruh wkh lqirupdwlrq wkh| kdyh17 Wkh
uhvxowlqj doorfdwlrq lv lqh!flhqw1
Zh dqdo|}h wkh h!flhqf| ri yrwlqj phfkdqlvpv lq wklv frqwh{w1 Zh vkrz krz
wzr0fodvv yrwlqj pd| vljqlfdqwo| lpsuryh wkh rxwfrph/ zkhuh lpsuryhphqwv duh
phdvxuhg zlwk uhvshfw wr wkh rxwfrph fkrvhq e| d vrfldo sodqqhu zkr lv rqo| lqwhu0
hvwhg lq lqfuhdvlqj djjuhjdwh zhoiduh dqg ljqruhv glvwulexwlrqdo frqvhtxhqfhv ri wkh
ghflvlrq18 Wkh uhdvrq lv wkdw wzr0fodvv yrwlqj lqgxfhv yrwhuv wr yrwh suhgrplqdqwo|
edvhg rq wkhlu lqirupdwlrq/ vr wkdw d odujhu dprxqw ri ydoxdeoh lqirupdwlrq lv uh0
 hfwhg lq wkh qdo ghflvlrq1 Uhfrqvlghu wkh h{dpsoh ri mxqlru dqg vhqlru fuhglwruv
lq fkdswhu 44/ dqg vxssrvh wkdw 73( ri wkh yrwhv duh khog e| vhqlru fuhglwruv/ dqg
wkh uhpdlqlqj 93( e| mxqlru fuhglwruv1 Rqh0fodvv yrwlqj zlwk d vlpsoh pdmrulw|
ohdgv wr d vlwxdwlrq zkhuh wkh yrwhv ri wkh mxqlru fuhglwruv fduu| pruh zhljkw iru wkh
6Vlploduo|/ d uhihuhqgxp rq d fkdqjh lq wkh wd{ uhjlph pd| kdyh glhuhqw lpsolfdwlrqv iru gli0
ihuhqw jhrjudsklfdo uhjlrqv/ dqg d phujhu sursrvdo lq d frpsdq| pd| kdyh glhuhqw lpsolfdwlrqv
iru kroghuv ri glhuhqw vhfxulwlhv1
7Wkh whqvlrq ehwzhhq lqirupdwlrq0edvhg dqg sduwlvdq yrwlqj xqghu rqh0fodvv yrwlqj zdv dq0
do|}hg e| Ihgghuvhq dqg Shvhqgruihu +4<<:,1
8Qrwh wkdw wzr0fodvv yrwlqj lv yhu| glhuhqw iurp zhljkwhg yrwlqj/ zkhuh kroghuv ri glhuhqw
vhfxulwlhv uhfhlyh glhuhqw qxpehuv ri yrwhv1 Wkhq wkh lqirupdwlrq ru wkh lqwhuhvwv ri fhuwdlq
yrwhuv vlpso| uhfhlyh d kljkhu zhljkw/ exw wkh surfhgxuh lv ixqgdphqwdoo| d rqh0fodvv yrwlqj
surfhgxuh1
5qdo rxwfrph1 Wkh| fdq wkhuhiruh h{sursuldwh vhqlru fuhglwruv e| yrwlqj lq idyru ri
d zrunrxw sursrvdo wkdw idyruv mxqlru fuhglwruv1 Wklv yxoqhudelolw| wr h{sursuldwlrq
pd| ohdg vhqlru fuhglwruv wr rssrvh wkh zrunrxw hyhq li wkh| h{shfw dffhswdqfh
zrxog lqfuhdvh wkh rxwfrph iru doo fuhglwruv dv d zkroh1 Lq wklv fdvh wzr0fodvv
yrwlqj surwhfwv wkh lqwhuhvwv ri vhqlru fuhglwruv/ vlqfh wkhq wkh zrunrxw sursrvdo
qhhgv d pdmrulw| ri doo vhqlru fuhglwruv vhsdudwho|1 E| uhprylqj wkh yxoqhudelolw|
ri vhqlru fuhglwruv wr h{sursuldwlrq/ wkh| duh qrz pruh olnho| wr yrwh lq idyru ri
wkh zrunrxw sursrvdo li wkh| uhfhlyh idyrudeoh lqirupdwlrq1 Khqfh/ wzr0fodvv yrwlqj
uhpryhv yrwhu*v irfxv rq wkhlu lqwhuhvwv e| surwhfwlqj wkhp/ dqg wkhuhiruh doorzv
wkhp wr yrwh pruh dffruglqj wr wkh lqirupdwlrq wkh| uhfhlyh1 Wkh uhvxow lv d orzhu
lqflghqfh ri lqfruuhfw ghflvlrqv dqg dq lpsuryhphqw ri ryhudoo zhoiduh1
Zh frqfoxgh wkdw lq d odujh qxpehu ri flufxpvwdqfhv lw lv ehqhfldo wr vhhn
wkh dssurydo ri hdfk fodvv ri yrwhuv +fuhglwruv ri wkh vdph sulrulw|, vhsdudwho|19
Wklv lv wuxh hvshfldoo| li yrwhuv duh uhodwlyho| hyhqo| glvwulexwhg dprqj lqwhuhvw
jurxsv1 Rwkhuzlvh lw pd| eh vrfldoo| h!flhqw 0 wkrxjk qrw qhfhvvdulo| htxlwdeoh
0 wr ljqruh wkh lqwhuhvwv ri wkh vpdoohu jurxs dowrjhwkhu1 Wkhq rqh0fodvv yrwlqj lv
pruh hhfwlyh/ vlqfh d pdmrulw| fdq rqo| eh rewdlqhg e| frqylqflqj d vljqlfdqw
sursruwlrq ri wkh odujhu lqwhuhvw jurxs1 Dovr/ d phfkdqlvp wkdw holplqdwhv frq lfwv
ri lqwhuhvw e| pdqgdwlqj frpshqvdwlqj vlgh sd|phqwv zrxog eh pruh hhfwlyh wkdq
wzr0fodvv yrwlqj1 Zh fdq hvwdeolvk vrph ri wkh h!flhqf| dqg frpsdudwlyh vwdwlf
surshuwlhv ri wkh prgho rqo| qxphulfdoo|/ exw rxu frqfoxvlrqv dsshdu urexvw dfurvv
d odujh udqjh ri sdudphwhu ydoxhv1
Zh dovr dqdo|}h wzr0fodvv yrwlqj zkhq suhihuhqfhv duh krprjhqhrxv dqg qr
frq lfwv ri lqwhuhvw h{lvw1 Lw lv zhoo nqrzq wkdw rqh0fodvv yrwlqj fdq lqgxfh lq0
9Phfkdqlvpv pd| uhqh wklv vlpsoh uhtxluhphqw e| lpsrvlqj dgglwlrqdo frqvwudlqwv/ iru h{0
dpsoh wkdw hdfk jurxs kdv wr dssuryh zlwk d vshflhg pdmrulw|/ dqg wkh qxpehu ri yrwhv dv d
zkroh kdv wr sdvv d vhsdudwh pdmrulw|1
6irupdwlyh ehkdylru iru wkh hqwluh hohfwrudwh li suhihuhqfhv duh krprjhqrxv1: Lq
wklv fdvh rqh0fodvv yrwlqj grplqdwhv wzr0fodvv yrwlqj1 Zh dqdo|}h wkh pdmrulw|
uhtxluhphqwv wkdw lqgxfh yrwhuv wr uhyhdo wkhlu lqirupdwlrq ixoo|1 Lqwhuhvwlqjo|/ wkh
uhvxowlqj pdmrulw| uhtxluhphqwv zlwk wzr0fodvv yrwlqj sdvv wkh sursrvdo zlwk ihzhu
yrwhv wkdq wkh fruuhvsrqglqj pdmrulw| uxoh zlwk vlqjoh0fodvv yrwlqj1
Zh glvfxvv wkh olwhudwxuh lq wkh qh{w vhfwlrq 51 Vhfwlrq 6 lqwurgxfhv wkh prgho1
Vhfwlrq 7 suhvhqwv d frpsdulvrq ehwzhhq vlqjoh0fodvv dqg wzr0fodvv yrwlqj zlwkrxw
frq lfwv ri lqwhuhvw1 Vhfwlrq 8 dqdo|}hv wkh prgho zlwk frq lfwv ri lqwhuhvw1 Wkh
qxphulfdo dqdo|vlv lq wkh iroorzlqj vhfwlrq 9 looxvwudwhv wkh dujxphqw wkh frpsdu0
dwlyh vwdwlf surshuwlhv ri wkh prgho1 Vhfwlrq : frqfoxghv1 Doo surriv duh froohfwhg
lq Dsshqgl{ D1
51 Uhodwhg Olwhudwxuh
Lqirupdwlrq djjuhjdwlrq wkurxjk yrwlqj jrhv edfn wr wkh Frqgrufhw Mxu| Wkhr0
uhp zklfk vwdwhv wkdw d pdmrulw| edvhg uxoh lv ohvv olnho| wr pdnh d plvwdnh wkdq
dq| vlqjoh yrwhu1 Vhyhudo surriv kdyh ehhq rhuhg iru yduldwlrqv dqg h{whqvlrqv ri
wklv fodlp1; Rqh vkruwfrplqj ri wkhvh sdshuv lv wkdw wkh| lpsolflwo| dvvxph wkdw
hdfk yrwhu ehkdyhv vlqfhuho|1< Uhfhqwo|/ d vhfrqg jhqhudwlrq ri sdshuv vkrzhg wkdw
qdlyh yrwlqj lv riwhq luudwlrqdo143Dxvwhq0Vplwk dqg Edqnv +4<<9, dqg Ihgghuvhq
dqg Shvhqgruihu +4<<;, lqyhvwljdwh wkh ihdwxuhv ri vwudwhjlf yrwlqj zlwk krprjh0
qrxv suhihuhqfhv1 Iurp wkhlu dqdo|vlv zh nqrz wkdw vwudwhjlf yrwlqj fdq djjuhjdwh
wkh lqirupdwlrq shuihfwo| li wkh fruuhfw pdmrulw| uxoh lv xvhg1 Rq wkh rwkhu kdqg/
:Vhh Dxvwlq0Vplwk dqg Edqnv +4<<9, dqg Ihgghuvhq dqg Shvhqgruihu +4<<;,1
;Vhh Nohyrulfn/ Urwkvfklog dqg Zlqvkls +4<;7,/ Odgkd +4<<5,/ Ploohu +4<;9,/ \rxqj +4<;;,1
<Vlqfhuh yrwlqj phdqv wkdw d yrwhu ehkdyhv dv li klv yrwh dorqh ghwhuplqhv wkh rxwfrph1
43Vhh Dxvwlq0Vplwk dqg Edqnv +4<<9,> Ihgghuvhq dqg Shvhqgruihu +4<<9d/ 4<<9e/ 4<<:/ 4<<;,>
P|huvrq +4<<7/4<<:d/ 4<<:e, dqg PfOhqqdq +4<<9,1
7Ihgghuvhq dqg Shvhqgruihu +4<<9d/ 4<<;, vwxg| wkh dv|pswrwlf ihdwxuhv ri lqiru0
pdwlrq djjuhjdwlrq lq prghov zlwk khwhurjhqrxv suhihuhqfhv1 Wkh| vkrz wkdw wkh
suredelolw| ri hohfwlqj wkh zurqj fdqglgdwh frqyhujhv wr }hur lq dq duelwudulo| odujh
hohfwrudwh1 Rxu prghoolqj iudphzrun lv forvhu wr Ihgghuvhq dqg Shvhqgruihu +4<<;,
dqg Dxvwhq0Vplwk dqg Edqnv +4<<9,1 Krzhyhu/ rxu dssurdfk glhuv iurp wkhp lq
wzr zd|v1 Iluvw/ zh doorz iru frq lfwv ri lqwhuhvw dprqj wkh hohfwrudwh dqg irfxv rq
qrq0dv|pswrwlf ihdwxuhv ri lqirupdwlrq djjuhjdwlrq1 Frqvhtxhqwo|/ zh vkrz wkdw
vlqjoh fodvv yrwlqj zdvwhv odujh dprxqwv ri sulydwh lqirupdwlrq1 Pruh lpsruwdqwo|/
zh glvfxvv wkh srvvlelolw| wr hqkdqfh lqirupdwlrq djjuhjdwlrq wkurxjk d elfdphudo
v|vwhp1 Lq d pruh uhfhqw sdshu/ Fkzh +4<<<, vkrzv wkdw wkh rswlpdo pdmrulw| uxoh
p d |p r y he |r q hs h u v r ql qi d y r ur iw k hp l q r u l w |l iw k h u hl vv r p hk h w h u r j h q h l w |
dprqj yrwhuv1 Krzhyhu/ Fkzh +4<<<, grhv qrw glvfxvv wzr fodvv yrwlqj1
61 Wkh Prgho
Dvvxph wkhuh duh a n 7 yrwhuv zkr mrlqwo| ghflgh rq d sursrvdo wkdw dhfwv
doo ri wkhlu suhihuhqfhv/ zkhuh yrwhuv fdq eh ri rqh ri wzr w|shv  5i ac7j/z k h u h
cV* uhihuv wr vhqlru dqg cM* uhihuv wr mxqlru1 Wkh lpsdfw ri wkh sursrvdo rq hdfk
yrwhu*v zhoiduh ghshqgv rq d vwdwh ri qdwxuh r 5i ,cj/ zkhuh erwk vwdwhv duh
htxdoo| suredeoh1 Ohw ( eh d gxpp| yduldeoh wkdw lqglfdwhv dffhswdqfh ri wkh
sursrvdo +( 'li wkh sursrvdo lv dffhswhg/ ( 'fli lw lv uhmhfwhg,1 Yrwhuv* xwlolw|
ghshqgv rq wkh vwdwh ri qdwxuh r/w k h l uw | s h/ dqg dffhswdqfh ri wkh sursrvdo (1
Xwlolw| lv ghqrwhg e| L Erc(1 Wkhq wkh a mxqlru yrwhuv duh fkdudfwhul}hg e|
sd|rv wkdw vdwlvi|=
La Ec  La Ecf ' C n a
La E,c  La E,cf ' u n a
8Vlploduo|/ iru wkh vhqlru yrwhuv=
L7 Ec  L7 Ecf ' C n 7
L7 E,c  L7 E,cf ' u n 7
Zh dvvxph zlwkrxw orvv ri jhqhudolw| wkdw=
a  a n 7  7 'f +614,
Khqfh/ wkh yrwhuv kdyh wr uhdfk d ghflvlrq rq d sursrvdo wkdw kdv wzr hhfwv=
dffhswlqj wkh sursrvdo |lhogv d jdlq C:f iru doo yrwhuv li wkh vwdwh lv /d q gdo r v v
u	f iru doo yrwhuv li wkh vwdwh lv ,1 Lq dgglwlrq wr wklv/ dffhswlqj wkh sursrvdo
lpsolhv d wudqvihu +srvlwlyh ru qhjdwlyh, iurp wkh mxqlru wr wkh vhqlru yrwhuv1 Wkh
vl}h ri a dqg 7 lv d phdvxuh iru wkh frq lfw ri lqwhuhvw ehwzhhq vhqlru dqg mxqlru
yrwhuv1 Li a ' 7 'f / wkhq wkhuh lv qr frq lfw ri lqwhuhvw dw doo1 Li a : f/
wkhq 7 ' 
7
aa 	 f dqg wkh mxqlru yrwhuv kdyh d uhodwlyh dgydqwdjh iurp wkh
sursrvdo dw wkh h{shqvh ri wkh vhqlru yrwhuv/ dqg ylfh yhuvd li a 	 f dqg 7 : f1
Zh dovr dvvxph wkdw Cn : f : un vr wkdw yrwhuv gr qrw fkrrvh hqwluho|
rq wkh edvlv ri wkhlu suhihuhqfhv1
Zh frqvlghu wzr w|shv ri yrwlqj uxohv1 Li yrwlqj surfhhgv lq rqh0fodvv/ wkhq
doo yrwhuv kdyh rqh yrwh/ dqg dffhswdqfh ri wkh sursrvdo uhtxluhv wkdw dw ohdvw @
yrwhuv yrwh lq idyru ri wkh sursrvdo1 Wklv zrxog eh lpsolhg e| uhtxlulqj d iudfwlrq
ri @
an7 yrwhuv yrwlqj lq idyru1 Zh uhihu wr wklv phfkdqlvp dv rqh0fodvv ru
vlqjoh0fodvv yrwlqj1 Dowhuqdwlyho|/ yrwhuv duh jurxshg lq fodvvhv dffruglqj wr wkhlu
w|sh/ zlwk wkh mxqlru yrwhuv lq rqh dqg wkh vhqlru yrwhuv lq wkh rwkhu fodvv1 Wkhq
dffhswdqfh ri wkh sursrvdo uhtxluhv wkdw dw ohdvw @a mxqlru dqg @7 vhqlru yrwhuv yrwh
lq idyru ri wkh sursrvdo1 Zh uhihu wr wklv phfkdqlvp dv wzr0fodvv yrwlqj1 Fohduo|/
wklv dvvxphv wkdw yrwhuv* w|sh lv dvvrfldwhg zlwk vrph revhuydeoh fkdudfwhulvwlf1
9Hdfk yrwhu revhuyhv d vljqdo j 5i }cKj zlwk wkh surshuwlhv wkdw=
hEj ' }mr ' ' hE j ' Kmr ' ,' 0 f 	0	*2 +615,
Ohw q ghqrwh yrwhuv* eholhiv ri ehlqj lq wkh jrrg vwdwh r ' 1 Frqglwlrqdo rq
revhuylqj d jrrg vljqdo j ' } +d edg vljqdo j ' K,/ hdfk yrwhu kdv eholhiv q '0
+uhvshfwlyho|/ q ' 0, ri ehlqj lq vwdwh  ' 1
Zh zloo dqdo|}h wkh v|pphwulf htxloleuld ri wklv jdph1 Hyhu| v|pphwulf htxlole0




a, lv wkh suredelolw| ri d mxqlru yrwhu wr yrwh c|hv* vxevhtxhqw wr revhuylqj
dj r r g+ e d g ,v l j q d o /d q gv l p l o d u o |/
}
7 +/K
7, iru vhqlru yrwhuv1 Ghqrwh e| Za Er wkh
suredelolw| ri d mxqlru yrwhu wr yrwh c|hv* li wkh vwdwh ri qdwxuh lv r1Z hk d y h =







 nE  0/
K

Lq doo yrwlqj prghov wkhuh duh wulyldo htxloleuld zkhuh hdfk vkduhkroghu yrwhv
iru wkh vdph fdqglgdwh luuhvshfwlyh ri klv sulydwh lqirupdwlrq1 Wkhq qr rqh fdq
lq xhqfh wkh rxwfrph/ vr wklv rxwfrph lv dozd|v dq htxloleulxp1 Wkhvh htxloleuld
duh qrw yhu| lqwhuhvwlqj dqg wulyldo wr dqdo|}h/ vr zh zloo uhvwulfw dwwhqwlrq wr
htxloleuld lq zklfk hdfk yrwhu*v ghflvlrq lv d ixqfwlrq ri khu sulydwh lqirupdwlrq1
Wkhq zh kdyh wkh iroorzlqj ghqlwlrq=
Ghqlwlrq 6141 Zh vd| w|sh  lv uhvsrqvlyh li ZE 9' ZE,1
Zh vkrxog qrwh wkdw wklv ghqlwlrq lpsolhv wkdw ZEcZE, duh vwulfwo| lqvlgh
wkh xqlw lqwhuydo/ dqg wkdw /}
 9' /K
1 Dv dq htxloleulxp frqfhsw zh xvh uhvsrqvlyh
v|pphwulf Qdvk htxloleulxp1 Wklv uxohv rxw wkrvh htxloleuld zkhuh hlwkhu ZE'
ZE,'fru ZE'ZE,' / l1h1/ doo yrwhuv yrwh hlwkhu djdlqvw ru lq idyru ri wkh
sursrvdo1 Zh dovr glvwlqjxlvk sxuh uhvsrqvlyh vwudwhj| iurp rwkhuv=
:Ghqlwlrq 6151 Zh vd| w|sh  lv ixoo| uhvsrqvlyh li /}
 'dqg /K
 'f 1
Hdfk yrwhu*v yrwlqj ghflvlrq dhfwv khu xwlolw| rqo| li vkh lv slyrwdo1 Ghqrwh wkh
e h o l h i vr iy r w h u vr iw | s h frqglwlrqdo rq +4, wkh vljqdo wkh| kdyh revhuyhg dqg +5,
frqglwlrqdo rq ehlqj slyrwdo e| q
j




a EC n a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j






rwkhuzlvh wkh| uhmhfw wkh sursrvdo1 Zh ghqh qf7 dqdorjrxvo|1
6141 Wkh vrfldo sodqqhu*v fkrlfh= d ehqfkpdun iru rswlpdolw|
Rxu fulwhulrq iru rswlpdolw| lv wkh djjuhjdwh zhoiduh ri doo yrwhuv=
T Erc(Er  a  La Erc(Er n 7  L7 Erc(Er +618,
Wklv lv wkh remhfwlyh wkdw zrxog eh pd{lpl}hg e| d vrfldo sodqqhu zkr frxog
lpsohphqw d v|vwhp ri frpshqvdwlqj wudqvihuv/ zkhuh hdfk vhqlru yrwhu uhfhlyhv
7 dqg hdfk mxqlru yrwhu uhfhlyhv a li wkh sursrvdo lv lpsohphqwhg1 Khuh wkh
qrwdwlrq (Er hpskdvl}hv wkdw wkh ghflvlrq wr lpsohphqw wkh sursrvdo lv d ixqfwlrq
ri wkh vwdwh r1 Khqfh/ wkh rswlpdo ghflvlrq uxoh pd{lpl}hv . dT Erc(Ero1 Ghqh
e|  Er wkh frpprq frpsrqhqw ri wkh sursrvdo=  E'C/  E,'u1W k h q
zh kdyh=
T Erc(Er ' a  La Ercf n 7  L7 Ercf
nEa n 7   Er  (Er
Khqfh/ iurp wkh srlqw ri ylhz ri doo yrwhuv dv d zkroh/ pd{lpl}lqj . dT Erc(Ero
lv htxlydohqw wr pd{lpl}lqj=
. d Er  (Ero +619,
;Dv d froohfwlyh/ doo yrwhuv vkduh wkh remhfwlyh ri pd{lpl}lqj +619,1 Qrz/ vxssrvh d
vrfldo sodqqhu frxog revhuyh doo a n7 vljqdov1 Wkhq wkh sodqqhu*v eholhiv duh d
ixqfwlrq ri wkh qxpehu @ ri jrrg vljqdov/ zkhuh @ 5i fccca n 7j=







zklfk lv lqfuhdvlqj lq @1Q r w h w k d w q E&*2c&'
2 iru doo &/ khqfh revhuylqj wkh
vdph qxpehu ri jrrg dv edg vljqdov frqupv wkh sulru suredelolw| ri wkh jrrg
vwdwh1 Li wkh sodqqhu pd{lpl}hv wkh froohfwlyh remhfwlyh ri doo vkduhkroghuv vkh
fkrrvhv wr dffhsw wkh surmhfw zkhqhyhu=
q E@cC  E  q E@cu  f




Zh fdq ghvfuleh wkh whqvlrq ehwzhhq wkh vrfldo sodqqhu*v fkrlfh dqg yrwhuv*
lqglylgxdo fkrlfhv dovr lq whupv wkh kxugoh ydoxhv qfa dqg qf71 +vhh +617,, Vxssrvh
wkh sursrvdo idyruv mxqlru yrwhuv/ vr a : f : 71 Wkhq +617, dqg wkh htxlydohqw
h{suhvvlrq iru qf7 lpso| wkdw qf7 :q f :q fa1 Fohduo|/ a 	 f 	 7 lpsolhv wkh
uhyhuvh rughulqj1 Wkh vrfldo sodqqhu*v kxugoh udwh qf lv d zhljkwhg dyhudjh ri wkh






qf7 ' qf +61<,
vr wkh dyhudjh kxugoh iru dffhswlqj wkh sursrvdo lv htxdo wr wkh fxwr dssolhg e|
wkh vrfldo sodqqhu1
Zh fdq qrz ghulyh=
Sursrvlwlrq 6161 +Vrfldo rswlpxp,= Li wkh vrfldo sodqqhu revhuyhv doo lqirupd0
wlrq dydlodeoh wr yrwhuv/ wkhq vkh dffhswv wkh sursrvdo li dqg rqo| li wkh qxpehu ri









dqg uhmhfwv wkh sursrvdo rwkhuzlvh1
Khqfh/ li wkh vrfldo sodqqhu revhuyhv dw ohdvw @W jrrg vljqdov dqg dw prvw
a n 7  @W edg vljqdov/ wkhq vkh dffhswv wkh surmhfw/ rwkhuzlvh vkh uhmhfwv lw1
Zh fdq uhskudvh wklv e| ghqlqj wkh vrfldo sodqqhu*v sureohp dv d plqlpl}dwlrq ri
d orvv ixqfwlrq1 Ghqrwh w|sh L huuruv +dffhsw d sursrvdo wkdw lv h{shfwhg wr uhgxfh
vrfldo zhoiduh, dqg w|sh LL huuruv +uhmhfw d sursrvdo wkdw lqfuhdvhv zhoiduh, e| eU
dqg eUU uhvshfwlyho|1 Khqfh=
eU ' h E ,
an7 [
@'@





























W '@ h } 4  ?
@Mdfcan7o
.7JS@, +6147,
Khuh .7JS@, lv wkh h{shfwhg orvv iurp pdnlqj d plvwdnh iru d jlyhq ghflvlrq uxoh @1
71 Qr Frq lfwv ri Lqwhuhvw
Lq wklv vhfwlrq zh zloo frpsduh lqirupdwlrq djjuhjdwlrq zlwk vlqjoh0fodvv yrwlqj
dqg wzr0fodvv yrwlqj1 Wkh pdlq remhfwlyh lv wr ghulyh wkh pdmrulw| uhtxluhphqwv
wkdw vxssruw vlqfhuh yrwlqj dqg wr suryh wkdw lqirupdwlrq djjuhjdwlrq lv vxshulru lq
rqh0fodvv yrwlqj dv orqj dv wkhuh lv qr vljqlfdqw frq lfw ri lqwhuhvw dprqj yrwhuv1
437141 Rqh fodvv ri yrwhuv
Dvvxph wkhuh lv rqh0fodvv ri yrwhuv/ vr wkdw doo yrwhuv yrwh rq wkh sursrvdo vlpxo0
wdqhrxvo|144 Wkh yrwhu udqgrpl}hv zlwk f 	/ j
 	  rqo| li +617, lv vdwlvhg dv dq
htxdolw|1 Vlqfh q
K 	q
}/ yrwhuv zloo rqo| udqgrpl}h frqglwlrqdo rq rqh uhdol}dwlrq
ri wkh vljqdo/ exw qrw wkh rwkhu rqh1
Li wkh frq lfw ri lqwhuhvw lv qrw lq vrph vhqvh wrr odujh/ wkhq qf  qfa  qf7/
dqg wkhuh lv d vlpsoh pdmrulw| uhtxluhphqw vr wkdw doo yrwhuv yrwh c|hv* li dqg rqo|
li wkh| revhuyh d jrrg vljqdo=
Sursrvlwlrq 7141 Li a dqg 7 duh vx!flhqwo| vpdoo/ wkhq=





7 ' / /K
a ' /K
7 'f , lq wkh xqltxh v|pphwulf uhvsrqvlyh
htxloleulxp1
+ll, Wklv pdmrulw| uhtxluhphqw lv htxdo wr wkh uxoh ri wkh vrfldo sodqqhu @W dqg
wkh lqirupdwlrq lv djjuhjdwhg shuihfwo|/ .7JS@, lv plqlpl}hg dqg=
+lll, Wkh olnholkrrg ri pdnlqj d plvwdnh +w|sh L dqg w|sh LL, frqyhujhv wr }hur
dv a n 7 ehfrphv odujh iru dq| pdmrulw| uxoh +uhsuhvhqwhg e| iudfwlrq, k vxfk
wkdw f 	k	45
Khqfh/ vlqjoh0fodvv yrwlqj lv rswlpdo lq wkh vhqvh wkdw doo lqirupdwlrq lv lqfru0
s r u d w h gl qw k hv d p hz d |d vw k hv r f l d os o d q q h uz r x o gx v hl wd vo r q jd vw k hr s w l p d o
vrfldo fkrlfh uxoh lv hpsor|hg1 Wkh rswlpdo vrfldo fkrlfh uxoh lv jlyhq e| +6143,
dqg fdq eh d vxepdmrulw|/ vlpsoh pdmrulw| ru d vxshupdmrulw| uxoh ghshqglqj rq
wkh rwkhu sdudphwhuv ri wkh prgho1 Pruhryhu/ hyhq li wkh vrfldo fkrlfh uxoh lv qrw
44Wklv fdvh lv zhoo nqrzq iurp wkh dqdo|vlv ri Dxvwhq0Vplwk dqg Edqnv +4<<9, dqg Ihgghuvhq
dqg Shvhqgruihu +4<<;,1
45\opd} +4<<;, vkrzv wkdw wkh suredelolw| ri pdnlqj d plvwdnh frqyhujhv wr }hur hyhq iru
 5i 3>4j lq d vlplodu prgho zlwk d frqwlqxrxv vljqdo vsdfh1
44rswlpdo/ wkh olnholkrrg ri dffhswlqj edg ru uhmhfwlqj jrrg sursrvdov ghfuhdvhv wr
}hur dv wkh hohfwrudwh ehfrphv vx!flhqwo| odujh1 Rqh ihdwxuh ri yrwlqj zlwkrxw
frq lfwv ri lqwhuhvw lv wkdw doo yrwhuv djuhh rq wkh rxwfrph h{ srvw1 Sxw glhuhqwo|/
rqfh wkh yrwlqj uhvxow lv dqqrxqfhg dqg wkh lqirupdwlrq frqwdlqhg lq wkh yrwh
ehfrphv sxeolf/ wkhq doo yrwhuv zkr yrwhg lq idyru ri d ghihdwhg sursrvdo +ru zkr
yrwhg djdlqvw d vxffhvvixo sursrvdo, fkdqjh wkhlu plqgv dqg djuhh zlwk wkh qdo
rxwfrph1 Wklv ihdwxuh ghshqgv fulwlfdoo| rq wkh krprjhqhlw| ri suhihuhqfhv dfurvv
doo yrwhuv1
7151 Wzr fodvvhv ri yrwhuv
Wkhuh duh vhyhudo w|shv ri yrwlqj uxohv wkdw fdq eh dssolhg +lq rughu wr dffhsw d
sursrvdo, li yrwhuv yrwh lq fodvvhv=
41 Erwk fodvvhv qhhg wr djuhh +vxshupdmrulw| ru vxepdmrulw| lq erwk fodvvhv,1
51 Rqh fodvv djuhhv +vxshupdmrulw| ru vxepdmrulw| lq rqh0fodvv,1
61 Frqwlqjhqw pdmrulwlhv= wkh pdmrulw| uhtxluhphqw lq rqh0fodvv ghshqgv rq wkh
rxwfrph lq wkh rwkhu fodvv +h1 j1/ dffhsw li erwk fodvvhv kdyh yrwhg 425 lq
idyru/ ru li rqh0fodvv kdv yrwhg 627 lq idyru,1
71 Erwk fodvvhv qhhg wr djuhh/ dqg doo yrwhuv wrjhwkhu pxvw djuhh146
Lq wklv sdshu zh zloo uhvwulfw dwwhqwlrq wr wkh uvw fdvh jlyhq lwv iuhtxhqw xvh1
Hylghqwo|/ wkh vhfrqg fdvh kdv douhdg| ehhq fryhuhg lq wkh suhylrxv vhfwlrq1 Iru
h{dpsoh/ Fkdswhu 44 uhvwuxfwxulqj sursrvdov duh yrwhg wklv zd|1 D yduldwlrq ri
wklv phwkrg lv xvhg e| XV Frqjuhvv lq zklfk yrwlqj lv vhtxhqwldo udwkhu wkdq
vlpxowdqhrxv1
46Vhh wkh uhpdunv rq wkh Ehojldq frqvwlwxwlrq lq wkh lqwurgxfwlrq1
45Zh frqvlghu wkh fdvh ri mxqlru yrwhuv uvw/ wkh dqdo|vlv lv frpsohwho| dqdorjrxv
iru vhqlru yrwhuv1 D mxqlru yrwhu lv slyrwdo zkhqhyhu wzr frqglwlrqv duh phw= +4,
wkh vhqlru yrwhuv kdyh djuhhg wr wkh sursrvdo/ dqg +5, h{dfwo| @a  mxqlru yrwhuv
kdyh yrwhg c|hv*/ dqg doo rwkhuv kdyh yrwhg qr1 Ohw + eh wkh qxpehu ri |hv yrwhv
lq fodvv 1 Lw lv frqyhqlhqw +exw qrw qhfhvvdu|, wr dqdo|}h wkh xsgdwlqj surfhvv
lq wzr vwhsv1 Wkh uvw vwhs xsgdwhv wkh mxqlru yrwhuv eholhiv frqglwlrqdo rq wkh
idfw wkdw wkh pdmrulw| ri doo vhqlru yrwhuv kdv djuhhg1 Wklv kdsshqv zkhqhyhu dw
ohdvw @7 vhqlru yrwhuv kdyh yrwhg lq idyru ri wkh sursrvdo/ dqg wklv lpsolhv eholhiv
ri j '  ru=
q7 '
hE+7  @7 m
hE+7  @7 mn hE +7  @7 m,
+714,
eoe G











 d  Z7 Ero
73 +715,
Wkhq/ frqglwlrqdo rq ehlqj slyrwdo d yrwhu ri w|sh  kdv eholhiv=
h qE@c@ '
q








Zh suryh lq Ohppd 4 +lq wkh dsshqgl{, wkdw wkh suredelolw| ri yrwlqj |hv lv
kljkhu iroorzlqj d jrrg vljqdo/ l1h1/ /} :/ K1 Wkhq +616, lpsolhv wkdw ZE :ZE,/
vr wkdw q7 : 
2 iurp +714, deryh1 +vwrfkdvwlf grplqdqfh,1
Wkh lpsruwdqw txhvwlrq lv krz pxfk lqirupdwlrq djjuhjdwlrq lv srvvleoh zlwk
wzr0fodvv yrwlqj1 Vshflfdoo|/ lv lw srvvleoh wr djjuhjdwh doo wkh lqirupdwlrqB D
qhfhvvdu| frqglwlrq iru ixoo lqirupdwlrq djjuhjdwlrq lv wkdw hyhu| yrwhu kdv wr eh
ixoo| uhvsrqvlyh1
Wkh iroorzlqj Sursrvlwlrq fkdudfwhul}hv wkh pdmrulw| uhtxluhphqwv wr dfklhyh
wklv remhfwlyh1











lv wkh pdmrulw| uhtxluhphqw zklfk lqgxfhv lqirupdwlyh yrwlqj iru fodvv 1
+ll, Wkh fxwr @W +iurp +6143,, fkrvhq e| d vrfldo sodqqhu lv wkh xsshu erxqg
iru wkh vxp ri wkh rswlpdo pdmrulw| uhtxluhphqwv= @W  @W
a n @W
7148
Wr vhh wkh lqwxlwlrq ri wkh vhfrqg sduw ri wkh sursrvlwlrq/ vxssrvh zh zrxog
vhw @ ' @W
a n @W
71 Wkhq/ zkhqhyhu yrwhuv yrwh lq vhsdudwh fodvvhv/ wkhlu sulruv duh
pruh rswlplvwlf frqglwlrqdo rq wkhlu fodvv ehlqj slyrwdo vlqfh wkh| douhdg| nqrz
wkdw wkhlu yrwh rqo| pdwwhuv li wkh yrwhuv lq wkh rwkhu fodvv kdyh uhfhlyhg d fulwlfdo
dprxqw ri idyrudeoh lqirupdwlrq uhjduglqj wkh sursrvdo +vhh deryh= q7 : 
2,1
Khqfh/ wkh pdmrulw| uhtxluhphqw iru wklv fdvh lv orzhu iurp +717,= d kljkhu sulru
q uhvxowv lq d orzhu ydoxh iru @W
 vlqfh ohvv dgglwlrqdo hylghqfh lv qhhghg lq vxssruw
r iw k hs u r s r v d ol iw k hs u l r ul vp r u hi d y r u d e o h 1W z r 0 f o d v vy r w l q ju x o h vw k d wu h t x l u hd
pdmrulw| ri doo yrwhuv lq dgglwlrq wr dp d m r u l w |r ih d f kf o d v vu h  h f wdf r q f h u qw k d w
wzr0fodvv yrwlqj zlwk d vlpsoh pdmrulw| uhtxluhphqw iru hdfk fodvv sdvvhv sursrvdov
wrr hdvlo|149 Sursrvlwlrq 715 frqwudglfwv wklv qrwlrq e| vkrzlqj wkdw wzr0fodvv
yrwlqj ohdgv wr d orzhu udwkhu wkdq d kljkhu pdmrulw| uhtxluhphqw frpsduhg wr
rqh0fodvv yrwlqj= wkh wzr0fodvv phfkdqlvp lwvhoi hvwdeolvkhv dq dgglwlrqdo kxugoh
wkh sursrvdo qhhgv wr wdnh1













+4￿3,O .4pd| lqgxfh lqirupdwlyh yrwlqj1
48Dv zh zloo vhh lq qxphulfdo h{dpsohv wklv lqhtxdolw| lv doprvw dozd|v vwulfw1 Wkh htxdolw|
d @ d
M.d
V pd| krog rqo| gxh wr wkh urxqglqj xs wkh qxpehuv d
M dqg d
V wr dq lqwhjhu1 Iru uhdo








+4￿3,O wkh lqhtxdolw| ehfrphv
vwulfw= d Ad 
M . d
V 1
49Vhh srlqw 7 lq wkh olvw deryh dqg wkh Ehojlxp frqvwlwxwlrq qrwhg lq wkh lqwurgxfwlrq dv dq
h{dpsoh1
47Htxdwlrq +717, h{suhvvhv @W
 dv d ixqfwlrq ri @ dqg ylfh yhuvd/ vlqfh q ghshqgv
rq @1 Dq dqdo|wlf h{suhvvlrq ri E@W
ac@ W
7 sxuho| dv d ixqfwlrq ri wkh sdudphwhuv
ri wkh sureohp E0cac 7cqfacqf7 fdq wkhuhiruh qrw eh jlyhq1 Krzhyhu/ zh fdq
h{soruh lwv surshuwlhv qxphulfdoo|14: Iljxuh 714 vkrzv wkdw @W
 lv idoolqj lq @1
Wklv lv lqwxlwlyh/ vlqfh @W
 lv dozd|v orzhu li q lv kljkhu= wkh yrwhuv duh slyrwdo
rqo| li wkh yrwhuv kdyh dffhswhg wkh sursrvdo/ dqg wkhlu srvwhulruv frqglwlrqdo
rq wklv hyhqw duh phdvxuhg e| q1K r z h y h u /q lqfuhdvhv lq @/ zklfk h{sodlqv
wkh vkdsh ri wkh @Wixqfwlrq14; Wkh lqwhuvhfwlrq ehwzhhq wkh wzr lqwhjhu0ydoxhg
ixqfwlrqv dozd|v uhsuhvhqwv d sxuh vwudwhj| htxloleulxp1 Wklv pd| qrw eh xqltxh/
dv ghprqvwudwhg e| wkh h{dpsoh lq Iljxuh 71414< Qrwh dovr wkdw iru erwk htxloleuld
lq Iljxuh 714 zh kdyh @W
a n @W
7 '2 	@ W '2 D / ghprqvwudwlqj wkh vhfrqg sduw ri
sursrvlwlrq 7151
Sursrvlwlrq 7161 Wkhuh lv qr vhw ri pdmrulw| uxohv E@7c@ a vxfk wkdw yrwlqj lq
wzr fodvvhv djjuhjdwhv wkh lqirupdwlrq shuihfwo|/ dqg wkh olnholkrrg ri d plvwdnh lv
dozd|v vwulfwo| odujhu wkdq wkdw dwwdlqhg e| wkh vrfldo sodqqhu1
Wkh lghd ri wkh surri lv looxvwudwhg lq Iljxuh 7151 Wkh krul}rqwdo d{lv kdv wkh
qxpehu }a ri jrrg vljqdov uhfhlyhg e| mxqlru yrwhuv/ wkh yhuwlfdo d{lv wkh qxpehu
}7 ri wkrvh uhfhlyhg e| vhqlru yrwhuv1 Wkh gldjrqdo olqh lqglfdwhv wkh orfdwlrq ri
doo E}ac} 7wxsohv vr wkdw }a n}7 ' @W1 +vhh +6143,,1 Wkh sursrvdo vkrxog rqo| eh
dffhswhg li E}ac} 7 olhv wr wkh uljkw dqg deryh wkh olqh153 Wzr fodvv yrwlqj lpsolhv
4:Zh frqgxfw d pruh h{whqvlyh qxphulfdo dqdo|vlv ri wklv prgho lq Vhfwlrq 9 ehorz1
4;Qrwh wkdw iru dq| +dM>d V, 9@+ d
M>d 
V,/ yrwhuv zrxog qrw iroorz wkh sxuh vwudwhjlhv dvvxphg




4<Lq wklv sduwlfxodu fdvh wkhuh duh wzr +d
M>d 
V,wxsohv wkdw vxssruw d sxuh vwudwhj| htxloleulxp=
+d
M>d 
V,@+ 4 4 >45, dqg +d
M>d 
V,@+ 4 5 >44,1
53Dovr/ shuihfw lqirupdwlrq djjuhjdwlrq zlwk wzr0fodvv yrwlqj zrxog uhtxluh wkdw d
M .d
V @ d
zklfk lv jhqhudoo| qrw wkh fdvh/ vhh wkh h{dpsoh lq jxuh 7141










MJ = 25, M     S  = 25,  b0J = 0.5,  b0S = 0.5
The fully responsive
equilibrium is realized at:




wkdw wkh sursrvdo lv dffhswhg rqo| li wkh sursrvdo olhv wr wkh uljkw ri @a dqg wr
wkh ohiw ri @7/ dqg wkh vkdghg duhdv L dqg LLL lqglfdwh wkrvh zkhuh wkh sursrvdo
lv lqfruuhfwo| uhmhfwhg/ zkhuhdv LL lqglfdwhv wkrvh zkhuh wkh sursrvdo lv lqfruuhfwo|
dffhswhg1 Lq vrph fdvhv wzr0fodvv yrwlqj uxohv uhtxluh dovr d plqlpxp iudfwlrq ri
wkh wrwdo yrwh1 Lq Iljxuh 715 wklv zrxog eh uhsuhvhqwhg e| d gldjrqdo olqh sdudooho
wr wkh olqh zkhuh }a n}7 ' @W1 Fohduo|/ vxfk d uhtxluhphqw uhgxfhv wkh suredelolw|
ri dq lqfruuhfw dffhswdqfh ri wkh sursrvdo1 +lw uhgxfhv wkh vl}h ri uhjlrq LLL,1
Zh nqrz iurp wkh suhylrxv vxevhfwlrq wkdw vlqjoh0fodvv yrwlqj fdq djjuhjdwh
doo wkh lqirupdwlrq1 Wkhuhiruh/ zh kdyh wkh iroorzlqj wkhruhp lpphgldwho|=
Wkhruhp 7171 Li wkhuh lv qr vljqlfdqw frq lfw ri lqwhuhvw ehwzhhq yrwhuv/ wkhq







Errors in dual class voting
relative to socially efficient decision
J-voters cause      
incorrect rejection 
S-voters cause      
incorrect rejection 
Proposal   
incorrectly
accepted   
gs = g* - gJ 
Iljxuh 715=
Uhfdoo wkdw vlqjoh0fodvv yrwlqj frqwhvwv zlwkrxw frq lfwv ri lqwhuhvw kdyh wkh
surshuw| wkdw doo yrwhuv djuhh zlwk wkh rxwfrph h{ srvw1 Krzhyhu/ zlwk wzr0fodvv
yrwlqj frqwhvwv wklv lv qr orqjhu wkh fdvh1 Li wkh sursrvdo lv dffhswhg pdujlqdoo|/
wkhq hyhu| yrwhu uhylvhv khu eholhiv dqg zlvkhv wkdw wkh sursrvdo kdg ehhq uhmhfwhg1
Wkh uhdvrq lv vlpsoh1 Hyhu| yrwhu lq fodvv  frqglwlrqv khu eholhiv rq dffhswdqfh
ri wkh sursrvdo lq fodvv 1 K r z h y h u /w k l vl p s o l h vw k d wv k hj l y h vds u r e d e l o l w |
zhljkwhg dyhudjh wr doo rxwfrphv iurp } ' @ wr } ' 1 Li vkh ohduqv h{ srvw
wkdw wkh uhdol}dwlrq ri } zdv dw wkh orzhu hqg ri khu eholhiv/ vkh uhdol}hv wkdw vkh
kdv frqglwlrqhg rq eholhiv wkdw zhuh wrr rswlplvwlf1
4:81 Frq lfwv ri Lqwhuhvw
Lq wkh suhylrxv vhfwlrq zh suryh wkdw li wkh frq lfw ri lqwhuhvw lv vx!flhqwo| vpdoo/
wkhq rqh0fodvv yrwlqj djjuhjdwhv lqirupdwlrq shuihfwo|1 Wkhuhiruh/ rxu irfxv zdv
rq ixoo| uhvsrqvlyh htxloleuld/ l1h1/ uhvsrqvlyh sxuh vwudwhj| htxloleuld1 Qrz zh
gurs wkh dvvxpswlrq wkdw frq lfwv ri lqwhuhvw duh vpdoo1 Zh zloo vkrz wkdw shu0
ihfw lqirupdwlrq djjuhjdwlrq lv qr orqjhu srvvleoh vlqfh d uhvsrqvlyh sxuh vwudwhj|
htxloleulxp idlov wr h{lvw li frq lfwv ri lqwhuhvw duh vx!flhqwo| kljk1 Lq wkh qh{w
vxevhfwlrq zh dqdo|}h rqh0fodvv yrwlqj zlwk khwhurjhqrxv suhihuhqfhv dqg hvwde0
olvk wkdw wklv phfkdqlvp lv lqirupdwlrqdoo| lqh!flhqw1 Wkh vxevhtxhqw vxevhfwlrq
dqdo|}hv wzr0fodvv yrwlqj1
8141 Rqh fodvv ri yrwhuv
D yrwhu ri w|sh  yrwhv lq idyru rqo| li klv srvwhulru eholhi/ q
j
/ lv juhdwhu wkdq
ru htxdo wr klv kxugoh ydoxh qf1 Vlploduo|/ kh yrwhv djdlqvw d sursrvdo rqo| li klv
srvwhulru eholhi lv ohvv wkdq ru htxdo wr klv kxugoh ydoxh qf1 Lq rwkhu zrugv/ d yrwhu




o1 Zlwk d kljk ohyho
ri frq lfw ri lqwhuhvw/ wkhvh kxugoh ydoxhv duh txlwh glhuhqw iru erwk w|shv1 Rq wkh
rwkhu kdqg/ ehlqj slyrwdo fduulhv wkh vdph lqirupdwlrq iru erwk w|shv lq rqh0fodvv
yrwlqj1 Wkhuhiruh/ wzr yrwhuv zlwk glhuhqw suhihuhqfhv exw lghqwlfdo vljqdov kdyh




o lv lghqwlfdo iru erwk
w|shv1 Khqfh/ li wkh frq lfw ri lqwhuhvw lv odujh hqrxjk/ wkhq lw lv qrw srvvleoh iru
erwk w|shv wr kdyh wkhlu kxugoh udwh lq wklv lqwhuydo1 Zh fdq qrz vwdwh wkh pdmru
lpsolfdwlrq ri frq lfwv ri lqwhuhvw=
Sursrvlwlrq 8141 +l, Iru dq| hohfwrudwh E7c a/s u r s r v d oECcu dqg lqirupd0
wlrq huuru 0 wkhuh duh frqvwdqwv 	 a/ 	 7 vxfk wkdw wkhuh lv qr htxloleulxp zkhuh
erwk w|shv ri yrwhuv yrwh uhvsrqvlyho| li mm : m 	 m/  5i 7caj1+ l l , D v v x p h
4; : f : 1 Wkhq/ li @	 / wkh yrwhuv ri w|sh  yrwh uhvsrqvlyho| dqg wkh
yrwhuv ri w|sh  yrwh djdlqvw1 Li @: / wkh yrwhuv ri w|sh  yrwh dozd|v lq idyru
dqg wkrvh ri w|sh  yrwh uhvsrqvlyho|154
Khqfh/ li frq lfwv ri lqwhuhvw duh wrr vwurqj/ wkhq rqh0fodvv yrwlqj fdq rqo| holflw
wkh lqirupdwlrq iurp rqh fodvv/ dqg wkh yrwlqj ehkdylru ri yrwhuv lq wkh rwkhu fodvv
lv frpsohwho| ghwhuplqhg e| wkhlu suhihuhqfhv1 Sursrvlwlrq 814 ohdgv xv wr wkh
iroorzlqj ghqlwlrq=
Ghqlwlrq 8151 Zh ghqh d frq lfw ri lqwhuhvw dv vljqlfdqw zkhqhyhu wkh frq0
vwdqwv ac 7 duh vx!flhqwo| odujh vr wkdw rqo| rqh jurxs ri yrwhuv fdq yrwh
uhvsrqvlyho| lq htxloleulxp1
Wkh pdmrulw| uxoh ghwhuplqhv zklfk ri wkh wzr fodvvhv yrwhv uhvsrqvlyho|1 Li
wkh pdmrulw| uhtxluhphqw lv orz/ wkhq rqo| wkh dgydqwdjhg yrwhuv yrwh uhvsrqvlyho|/
dqg wkh glvdgydqwdjhg yrwh dozd|v djdlqvw1 Frqyhuvho|/ li wkh pdmrulw| uxoh lv kljk/
wkhq wkh glvdgydqwdjhg yrwhuv yrwh uhvsrqvlyho|/ dqg wkh dgydqwdjhg yrwhuv yrwh
dozd|v lq idyru1 Wkhq wkhuh duh wzr fdqglgdwh pdmrulw| uxohv wkdw fdq lqgxfh
lqirupdwlyh ehkdylru lq rqh ri wkh fodvvhv/ rqh iru vhqlru yrwhuv/ dqg dqrwkhu iru
mxqlru yrwhuv1
91 Wzr0Fodvv Yrwlqj
Vr idu zh kdyh vkrzq wkdw devhqw frq lfwv ri lqwhuhvw vlqjoh0fodvv yrwlqj dfklhyhv wkh
uvw ehvw dqg khqfh djjuhjdwhv lqirupdwlrq ehwwhu wkdq wzr0fodvv yrwlqj1 Krzhyhu/
54Lq dq hduolhu yhuvlrq/ Pdxj dqg \opd} +4<<<,/ zh suryh d vwurqjhu yhuvlrq ri wklv sursrvlwlrq
lq d prgho zlwk d ulfkhu vwdwh vsdfh= iru dq| frq lfw ri lqwhuhvw +l1h1/ mDm A 3,w k h u hh { l v w v
odujh hqrxjk PV dqg PM vxfk wkdw wkhuh lv qr htxloleulxp zkhuh erwk fodvvhv ri yrwhuv yrwh
uhvsrqvlyho|1
4<zh kdyh dovr vkrzq wkdw wkh dvvxpswlrq ri krprjhqhrxv suhihuhqfhv lv fulwlfdo/
dqg vlqjoh0fodvv yrwlqj fdq qr orqjhu djjuhjdwh lqirupdwlrq shuihfwo| li yrwhuv kdyh
frq lfwlqj lqwhuhvwv1 Wkhq rqh0fodvv yrwlqj fdq qhyhu djjuhjdwh wkh lqirupdwlrq
ri dw ohdvw rqh0fodvv ri yrwhuv1 Lq wklv fdvh wzr0fodvv yrwlqj fdq eh pruh hhfwlyh1
Wkh iroorzlqj sursrvlwlrq vkrzv wkdw wzr0fodvv yrwlqj fdq eh dw ohdvw dv h!flhqw
dv vlqjoh0fodvv yrwlqj zlwk frq lfwv lqwhuhvw=
Sursrvlwlrq 9141 Li wkhuh lv d vljqlfdqw frq lfw ri lqwhuhvw/ wkhq wzr0fodvv yrwlqj
zhdno| grplqdwhv vlqjoh0fodvv yrwlqj1
Wkh lqwxlwlrq iru wklv uhvxow lv vlpsoh1 Li frq lfwv ri lqwhuhvw duh vx!flhqwo|
vwurqj/ wkhq wkh lqirupdwlrq ri rqh jurxs ri yrwhuv lv orvw/ dqg rqo| wkh lqirupdwlrq
ri wkh rwkhu fodvv lv djjuhjdwhg1 Wzr0fodvv yrwlqj fdq dozd|v gr dw ohdvw dv zhoo/
ehfdxvh zh fdq dozd|v ghvljq d wzr0fodvv yrwlqj phfkdqlvp zkhuh fodvv  kdv qr
vd| rq wkh rxwfrph e| vhwwlqj @ 'f 1 Krzhyhu/ wzr0fodvv yrwlqj fdq gr srwhqwldoo|
ehwwhu e| fkrrvlqj @ rswlpdoo|1 Dw wklv srlqw dqdo|wlf phwkrgv fdqqrw ohdg xv
pxfk ixuwkhu vlqfh wkh htxloleulxp fdqqrw eh ghulyhg lq forvhg irup1 Krzhyhu/
zh zlvk wr vkrz d vwurqjhu uhvxow dqg ghprqvwudwh xqghu zkdw flufxpvwdqfhv
wzr0fodvv yrwlqj vwulfwo| grplqdwhv rqh0fodvv yrwlqj/ dqg dovr wu| wr hydoxdwh wkh
txdqwlwdwlyh glphqvlrq ri wkh vxshulrulw| ri rqh yrwlqj phfkdqlvp ryhu dqrwkhu1
Zh wkhuhiruh xvh qxphulfdo dqdo|vlv wr vxssruw rxu frqfoxvlrqv1
Iljxuh 914 vkrzv zk| wzr0fodvv yrwlqj pd| eh vxshulru1 Lw lv frqvwuxfwhg olnh
Iljxuh 7151 Zh dvvxph iru wkh sxusrvh ri wklv glvfxvvlrq wkdw wkh pdmrulw| uhtxluh0
phqwv duh fkrvhq vr dv wr vxssruw d ixoo| uhvsrqvlyh sxuh vwudwhj| htxloleulxp155
Wkh ohiw sdqho ri Iljxuh 914 vkrzv wkh huuruv wkdw fdq rffxu li wkh ayrwhuv kdyh
55E| vxshulpsrvlqj rqh0fodvv dqg wzr0fodvv yrwlqj lq rqh jxuh zh ljqruh wkh idfw wkdw li zh
pryh iurp rqh0fodvv wr wzr0fodvv yrwlqj/ zh pxvw fkdqjh wkh pdmrulw| uhtxluhphqw vrphzkdw lq
rughu wr pdlqwdlq d sxuh vwudwhj| htxloleulxp1
53Iljxuh 914=
yrwlqj frqwuro156 Wkh huuruv uhsuhvhqwhg e| uhjlrqv L dqg LL duh frpprq wr wzr
dqg rqh0fodvv yrwlqj1 Uhjlrq LLL vkrzv wkh duhd zkhuh wkh sursrvdo lv lqfruuhfwo|
dffhswhg zlwk rqh0fodvv yrwlqj/ exw wzr0fodvv yrwlqj zrxog ohdg wr wkh fruuhfw ghfl0
vlrq1 Frqyhuvho|/ uhjlrq LY vkrzv wkh duhd zkhuh wkh sursrvdo zrxog eh lqfruuhfwo|
uhmhfwhg e| wzr0fodvv yrwlqj/ exw lv dffhswhg zlwk rqh0fodvv yrwlqj1 Khqfh/ wkh vx0
shulrulw| ri gxdo0fodvv yrwlqj fdq rewdlq rqo| li uhjlrq LY lv vpdoo lq d suredelolvwlf
vhqvh uhodwlyh wr uhjlrq LLL1
56Wkh glvfxvvlrq ri frqwuro e| Vyrwhuv +uljkw sdqho, lv dqdorjrxv1
549141 Dvvxpswlrqv iru Qxphulfdo Dqdo|vlv57
Iru wkh qxphulfdo dqdo|vlv zh vwduw zlwk wkh iroorzlqj sdudphwhu ydoxhv=
0 'f e +914,
C ' u 'D +915,
 5i 2fcDfjc5i ac7j +916,
Odwhu zh zloo frqvlghu odujhu vhwv ri sdudphwhuv dqg shuirup frpsdudwlyh vwdwlf
dqdo|vlv lq rughu wr fkhfn wkh urexvwqhvv ri rxu uhvxowv1
Lq dgglwlrq wr 0/ucC dqg c zh dovr qhhg wr sdudphwhul}h frq lfwv ri lqwhuhvw
dqg vshfli| Eqfacq f71 Vlqfh zh zlvk wr pdnh vwdwhphqwv derxw ydu|lqj suhflvlrqv
ri wkh vljqdo dqg frpsrvlwlrqv ri wkh hohfwrudwh/ kroglqj hyhu|wklqj hovh frqvwdqw/
zh dovr qhhg wr vshfli| zkdw zh phdq e| kroglqj frq lfwv ri lqwhuhvw frqvwdqw
dfurvv ydu|lqj hohfwrudwhv1 Wklv fdq kdyh srwhqwldoo| glhuhqw phdqlqjv/ qdpho|
+4, kroglqj wudqvihuv shu yrwhu a ru 7 frqvwdqw +hlwkhu rqh/ exw qrw erwk/ vlqfh
frqglwlrq +614, qhhgv wr eh vdwlvhg,/ +5, kroglqj wrwdo wudqvihuv aa ' 77
frqvwdqw/ dqg +6, kroglqj wkh glhuhqfh lq kxugoh udwhv qfaqf7 frqvwdqw1 Wkh uvw
ghqlwlrq kdv wkh glvdgydqwdjh wkdw d jlyhq wudqvihu wr doo ayrwhuv lpsolhv wkdw
zkhqhyhu zh lqfuhdvh wkh qxpehu ri ayrwhuv/ wkh wudqvihu iurp wkh 7yrwhuv kdv
wr lqfuhdvh/ zklfk frqwudglfwv wkh qrwlrq wkdw frq lfwv ri lqwhuhvw vwd| frqvwdqw1
Pruhryhu/ wkh uhvxowlqj kxugoh udwhv qf fdq olh rxwvlgh wkh xqlw lqwhuydo li  eh0
frphv yhu| odujh/ uhqghulqj wkh sureohp phdqlqjohvv vlqfh wkh ehkdylru ri yrwhuv
ri w|sh  fdq qhyhu eh uhvsrqvlyh li qf olhv rxwvlgh wkh xqlw lqwhuydo1 Wkh vhfrqg
ghqlwlrq lpsolhv wkdw frq lfwv ri lqwhuhvw ehfrph luuhohydqw iru odujh hohfwrudwhv/
zklfk lv xqdwwudfwlyh vlqfh wkh frqfoxvlrq zrxog eh vlpso| irufhg e| wkh dvvxps0
wlrq wkdw frq lfwv ri lqwhuhvw duh vpdoo iru odujh hohfwrudwhv1 Zh wkhuhiruh dgrsw
57D pruh ghwdlohg ghvfulswlrq ri wkh qxphulfdo dssurdfk dqg wkh frgh xvhg iru wklv dqdo|vlv lv
dydloeoh iurp wkh dxwkruv xsrq uhtxhvw1
55wkh wklug dssurdfk dqg ghqh frq lfwv ri lqwhuhvw dv frqvwdqw zkhqhyhu qf7 qfa
lv frqvwdqw dfurvv glhuhqw hohfwrudwhv/ dqg zh fkrrvh qf7  qfa 'f 2D158
9151 Pl{hg Vwudwhj| Htxloleuld
Lq rughu wr frpsxwh pl{hg vwudwhj| htxloleuld zh hpsor| dq dojrulwkp wkdw lv suh0
vhqwhg lq pruh ghwdlo lq Dsshqgl{ E1 Lq rughu wr suhvhqw wkh htxloleuld judsklfdoo|














Wklv zd| ri suhvhqwlqj wkh udqgrpl}lqj suredelolwlhv lv pruh frqyhqlhqw/ dqg wkhuh
lv qr orvv ri lqirupdwlrq iurp dgglqj wkh suredelolwlhv vlqfh iurp Ohppd ;14 zh
fdq kdyh /K : f rqo| li /} ' /d q g/} 	  rqo| li /K 'f 1 Khqfh/ lw lv dozd|v
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 5 df( 2o/ dqg iru dq| jlyhq sdudphwhu yhfwru d0cac 7c@ ac@ 7cqfacqf7o/







zklfk lv uhsuhvhqwhg lq Iljxuh 915 iru glhuhqw sdudphwhuv1 Pdsslqj +918, pdsv
df( 2o
2 rqwr lwvhoi/ dqg wkh pl{hg vwudwhj| htxloleulxp lv vlpso| wkh lqwhuvhfwlrq
58Djdlq/ zh fdqqrw fkrrvh 3M dqg 3V lqghshqghqwo| vlqfh zh orvh rqh ghjuhh ri iuhhgrp
wkurxjk frqglwlrq +614,1
56Iljxuh 915=








J The equilibrium is:
wJ
g = 0.677,  wJ
b = 0
wS
g = 0.826,  wS
b = 0
aj = 10, M j = 30, a s = 10, M s = 30











g = 0.746,  wJ
b = 0
wS
g = 1,  wS
b = 0.0479
aj = 15, M j = 30, a s = 10, M s = 30











g = 0.994,  wJ
b = 0
wS
g = 0.872,  wS
b = 0
aj = 10, M j = 30, a s = 15, M s = 30











g = 1,  wJ
b = 0
wS
g = 1,  wS
b = 0.130
aj = 15, M j = 30, a s = 15, M s = 30
ri wkh wzr olqhv lq Iljxuh 9151 Lq doo sdudphwhu frpelqdwlrqv zh kdyh wulhg wkh
pl{hg vwudwhj| htxloleulxp lv xqltxh159 Iljxuh 915 glvsod|v wkh ehkdylru zh zrxog
h{shfw1 Li wkh pdmrulw| uhtxluhphqwv E@ac@ 7 d u he r w ke h o r zw k r v hw k d wv x s s r u wd
sxuh vwudwhj| htxloleulxp/ wkhq htxloleulxp vwudwhjlhv kdyh doo yrwhuv yrwlqj c|hv*
zlwk orzhu suredelolw|15: +Qrwh wkdw d sxuh vwudwhj| htxloleulxp kdv / 'iru
erwk fodvvhv, Vlploduo|/ li erwk pdmrulw| uhtxluhphqwv duh kljkhu wkdq E@W
ac@ W
7/w k h q
59Wkh rqo| rwkhu htxloleuld duh wkrvh zkhuh $ @3+dozd|v yrwh qr, ru $ @5+dozd|v yrwh
djdlqvw,1
5:Iru wkh sdudphwhuv lq Iljxuh 915 wkh sxuh vwudwhj| htxololeulxp kdv d
M @4 6 / d
V @4 8 1
57yrwhuv yrwh lq idyru ri wkh sursrvdo pruh iuhtxhqwo|1
9161 H!flhqf| Frpsdulvrqv
Qrz zh dgguhvv wkh ixqgdphqwdo txhvwlrq ri h!flhqf| glhuhqfhv ehwzhhq rqh0
fodvv dqg wzr0fodvv yrwlqj1 Iru wklv sxusrvh zh frqvlghu wkh huuruv ri lqfruuhfwo|
dffhswlqj d edg ru uhmhfwlqj d jrrg sursrvdo/ zkhuh zh wdnh wkh vrfldo zhoiduh




EeU n eUU +919,

























Errors with two-class voting / Decimal log scale



































Errors with one-class voting / Decimal log scale








wkdw zh vxssuhvv dq| uhihuhqfh wr wkh pdmrulw| uhtxluhphqwv E@ac@ 7 khuh1 Fohduo|/
.7JS@, wdnhv rq d glhuhqw ydoxh iru dq| E@ac@ 7wxsoh dqg wkh uhvxowlqj htxlole0
ulxp1 Zh frpsxwh doo wkh glhuhqw ydoxhv ri .7JS@, iru dowhuqdwlyh E@ac@ 7wxsohv/
58dqg wkhq dvvljq wkdw ydoxh zklfk jlyhv wkh orzhvw wrwdo huuru wr .7JS@,15; Zh gr
qrw h{solflwo| dqdo|}h wkh fkdudfwhulvwlfv ri wkhvh E@ac@ 7wxsohv khuh1 Krzhyhu/
zh gr qrwh wkdw wkh prvw h!flhqw frpelqdwlrq ri pdmrulw| uhtxluhphqwv E@ac@ 7
lv jhqhudoo| rqh dvvrfldwhg zlwk d pl{hg0vwudwhj| htxloleulxp1 Wklv lv wuxh iru
rqh0fodvv dv zhoo dv iru wzr0fodvv yrwlqj/ dqg glvwlqjxlvkhv wklv vlwxdwlrq iurp rqh0
fodvv yrwlqj zlwk krprjhqrxv suhihuhqfhv1 Iljxuh 916 glvsod|v .7JS@, iru vhohfwhg
sdudphwhu ydoxhv1 Rq wkh %d{lv dqg +d{lv zh kdyh glhuhqw ydoxhv iru a
dqg 7 udqjlqj iurp 43 wr 833/ zkhuh wkh yhuwlfdo d{lv fruuhvsrqgv wr wkh orj ri
.7JS@,1 Lw fdq eh vhhq fohduo| iurp wkh judsk wkdw wkh huuru iru wzr0fodvv yrwlqj
gursv vljqlfdqwo| wrzdugv wkh pdlq gldjrqdo zkhuh a ' 71
Jhqhudoo|/ iru dq| jlyhq vl}h ri wkh hohfwrudwh/ wzr0fodvv yrwlqj shuirupv ehvw
li wkh wzr fodvvhv duh htxdo lq vl}h1 Wkh lqwxlwlrq iru wklv uhvxow iroorzv iurp rxu
glvfxvvlrq ri Iljxuh 914 deryh1 Vwduwlqj iurp rqh0fodvv yrwlqj/ frqvlghu krz wkh
huuru fkdqjhv iurp dgglqj d vhfrqg fodvv1 Frqglwlrqlqj wkh rxwfrph rq wkh yrwh ri
wkh vhfrqg fodvv dggv lqirupdwlrq wkurxjk wkh vljqdov ri wkh vhfrqg fodvv/ dv zhoo
dv qrlvh/ vlqfh wkh ghflvlrq ri wkh vhfrqg fodvv lv vxemhfw wr vrph huuru15< Krzhyhu/
wkh huuru ri wkh vhfrqg fodvv ghfuhdvhv lq wkh qxpehu ri yrwhuv lq wklv fodvv1 Khqfh/
li wkh rxwfrph lv frqglwlrqhg rq wkh yrwh ri d vpdoo vhfrqg fodvv/ wkhq wzr0fodvv
yrwlqj dggv qrlvh iru d uhodwlyho| vpdoo dprxqw ri dgglwlrqdo lqirupdwlrq1 Li wkh
rxwfrph lv frqglwlrqhg rq d odujh vhfrqg fodvv/ wkhq wzr0fodvv yrwlqj dggv pruh
lqirupdwlrq iru wkh sulfh ri dgglqj yhu| olwwoh qrlvh1 Wklv lqwxlwlrq lv ixqgdphqwdo
5;Pruh dffxudwho|/ zh revhuyh wkdw iru doo sdudphwhu ydoxhv zh kdyh dqdo|}hg/ wkh rswlpdo
+dM>d V,wxsoh +dM>d V,
 lv forvh wr wkh +dM>d V,wxsohv wkdw vxssruw d sxuh vwudwhj| htxl0
oleulxp1 Prylqj dzd| iurp +dM>d V,
 lqfuhdvhv wkh huuru HVrfldo txlfno|1 Wkhuhiruh/ zh riwhq
dqdo|}h rqo| d julg durxqg wkh +dM>d V,wxsoh wkdw vxssruwv d sxuh vwudwhj| htxloleulxp dqg
vhdufk iru +dM>d V,
 orfdoo| udwkhu vhdufklqj doo srvvleoh frpelqdwlrqv ri dM dqg dV1
5<Lq whupv ri Iljxuh 914/ dgglqj wkh vhfrqg fodvv ri yrwhuv dggv wkh huuruv uhsuhvhqwhg e| uhjlrq
LY dqg uhpryhv wkh huuruv lq uhjlrq LLL1
59iru wkh vxevhtxhqw uhvxowv1
Lq rughu wr frpsduh wzr0fodvv dqg vlqjoh0fodvv yrwlqj zh frpsxwh d qxpehu ri
vwdwlvwlfv1 Wkh uvw vhw ri vwdwlvwlfv frpsduhv devroxwh huuruv/ l1 h1/ wkh glhuhqfh lq

























Error - One class minus two class voting
























Error - One class voting minus social planning
Scale in decimal logarithms
lq huuruv ehwzhhq rqh0fodvv yhuvxv wzr0fodvv yrwlqj +ohiw sdqho,/ dqg rqh0fodvv yrwlqj
yhuvxv wkh huuru zlwk shuihfw lqirupdwlrq djjuhjdwlrq +uljkw sdqho,1 Wkh frqwrxu
fkduw +ohiw sdqho ri Iljxuh 917, fohduo| ghprqvwudwhv wkdw wzr0fodvv yrwlqj pdnhv wkh
odujhvw glhuhqfh zkhq +4, wkh hohfwrudwh lv pruh ru ohvv hyhqo| vsolw +a ' 7,/
dqg +5, wkh hohfwrudwh lv vpdoo1 Lq wklv fdvh wkh glhuhqfh lq huuruv duh ehwzhhq
63Zh frpsxwh wkh huuruv iru rqh fodvv yrwlqj e| hvwdeolvklqj wkh huuru zkhuh doo yrwlqj uljkwv
duh zlwk wkh mxqlru dqg vhqlru yrwhuv uhvshfwlyho|/ dqg wkhq vhohfwlqj wkh plqlpxp ri wkh wzr1
Khqfh rxu qrwlrq ri rqh0fodvv yrwlqj dvvxphv wkdw wkh pdmrulw| uxoh iru rqh0fodvv yrwlqj lv fkrvhq
vr dv wr plqlpl}h wkh orvv ixqfwlrq ri wkh vrfldo sodqqhu1
5:7( 0 8(1 Lw lv dovr fohdu iurp wkh uljkw kdqg sdqho wkdw wkhvh duh suhflvho| wkh
fdvhv zkhuh rqh0fodvv yrwlqj ghyldwhv prvw vwurqjo| iurp wkh vrfldo rswlpxp1 Wkh
fkduw vxjjhvwv wkdw erwk glhuhqfhv duh ri derxw wkh vdph rughu ri pdjqlwxgh1 Zh
lqyhvwljdwh wklv ixuwkhu e| orrnlqj dw wkh uhodwlyh glhuhqfhv1 Iru wklv zh frpsxwh





Iru rxu sdudphwhu ydoxhv wklv vwdwlvwlf udqjhv iurp 4 +iru yhu| xqhyhqo| vsolw hohf0
wrudwhv, wr :<15 iru a ' 7 'D f f 1 Wkh vhfrqg vwdwlvwlf qrupdol}hv wkh devroxwh
lpsuryhphqw e| uhodwlqj lw wr wkh jds ehwzhhq rqh0fodvv yrwlqj dqg wkh vrfldo
rswlpxp=
o|eoJ? UU '
.7JS@,E?e ,@rr  .7JS@,EAJ,@rr




























Criterion II - Percentage Improvement












































Criterion I - Improvement - Decimal log scale














5;Wkh prwlydwlrq ehklqg wklv vwdwlvwlf lv wkdw lw lv qrupdol}hg wr olh ehwzhhq }hur
dqg rqh1 Li wzr0fodvv yrwlqj dfklhyhv wkh vrfldo rswlpxp/ wkhq Fulwhulrq LL htxdov
41 Li wzr0fodvv yrwlqj lv lqhhfwlyh dqg ohdgv wr wkh vdph huuru dv rqh0fodvv yrwlqj/
wkhq Fulwhulrq LL htxdov }hur1 Zh fdq lqwhusuhw Fulwhulrq LL dv phdvxulqj wkh h{whqw
wr zklfk wzr0fodvv yrwlqj khosv wr forvh wkh jds ehwzhhq rqh0fodvv yrwlqj dqg wkh
vrfldo rswlpxp1 Iljxuh 918 glvsod|v erwk fulwhuld1 Erwk sdqhov ri Iljxuh 918 vkrz
wkdw wkh uhodwlyh lpsuryhphqw lv odujhu li wkh hohfwrudwh lv odujh dqg hyhqo| vsolw
ehwzhhq wkh wzr fodvvhv1 Fulwhulrq LL dssurdfkhv 4 dv wkh hohfwrudwh ehfrphv odujh=
iru rxu sdudphwhuv lw ehfrphv 1<;7 iru 7 ' a 'D f f 1 Wklv fulwhulrq frqyhujhv
idvw iru hyhqo| vsolw hohfwrudwhv/ dqg pruh vorzo| iru xqhyhqo| vsolw hohfwrudwhv1
Wkh huuruv .7JS@,E?e ,@rr/ .7JS@,EAJ,@rr/d q g.7JS@,E7JS@, R|66
doo dssurdfk }hur dv wkh hohfwrudwh ehfrphv vx!flhqwo| odujh1 Fulwhulrq LL doorzv
xv wr orrn dw wkh uhodwlyh vshhgv ri frqyhujhqfh/ dqg vkrzv wkdw iru vpdoo hohf0
wrudwhv wkh uhodwlyh dgydqwdjh ri wzr0fodvv ryhu rqh0fodvv yrwlqj lv vpdoo/ vlqfh
erwk phfkdqlvpv ohdg wr d vljqlfdqwo| kljkhu lqflghqfh ri huuruv uhodwlyh wr wkh
vrfldo rswlpxp1 Iru odujh hohfwrudwhv/ wkh wzr0fodvv yrwlqj phfkdqlvp ehkdyhv
olnh wkh vrfldo sodqqhu= wkh glhuhqfh lq wkh lqflghqfh ri huuruv ehwzhhq wkh vrfldo
sodqqhu dqg wzr0fodvv yrwlqj ehfrphv qhjoljleoh uhodwlyh wr wkh lqflghqfh ri huuruv
zlwk rqh0fodvv yrwlqj1
9171 Frpsdudwlyh Vwdwlf Dqdo|vlv
Zh kdyh shuiruphg wkh dqdo|vlv lq wkh suhylrxv vhfwlrq iru glhuhqw sdudphwhuv164
Qrz zh shuirup vrph frpsdudwlyh vwdwlf dqdo|vlv lq rughu wr fkhfn wkh urexvwqhvv
ri rxu uhvxowv1 Zh { a ' 7 'D fdqg ydu| 0 ehwzhhq fH dqg febD1Z h
64Zh uhshdwhg wkh dqdo|vlv iru % @3 =6;> 3=75> 3=77> 3=79> dqg 3=7;1 Wkh vdolhqw uhvxowv vwd|
wkh vdph lq doo fdvhv/ dqg wkh qxpehuv fkdqjh dv ghvfulehg e| wkh frpsdudwlyh vwdwlf dqdo|vlv ri
wklv vhfwlrq1
5<gr qrw frqvlghu vpdoohu ydoxhv ri wkh huuru 0/ vlqfh iru vpdoohu huuruv +kroglqj wkh
frq lfw ri lqwhuhvw sdudphwhu frqvwdqw dw qfa  qf7,/ zh fdq rewdlq sdudphwhu
frqvwhoodwlrqv zkhuh h!flhqw lqirupdwlrq djjuhjdwlrq lv djdlq ihdvleoh1 Zh dovr








































Contour map of Errors - M J = 50, MS = 50
wkhvh sdudphwhuv dqg vkrzv wkdw wzr0fodvv yrwlqj jhqhudwhv d odujhu huuru li +4,
frq lfwv ri lqwhuhvw duh odujhu/ dqg +5, li wkh vljqdo huuru lv odujhu1 Erwk uhvxowv duh
lqwxlwlyh1 Krzhyhu/ wkh pruh lpsruwdqw txhvwlrq lv krz wkh uhodwlyh h!flhqf| ri
wzr0fodvv yrwlqj wr rqh0fodvv yrwlqj ghshqgv rq h{rjhqrxv sdudphwhuv1
Iljxuh 91: lv d frqwrxu0sorw ri Fulwhulrq LL dqg vkrzv wkdw d vwurqjhu frq lfw
ri lqwhuhvw dqg d odujhu huuru uhgxfh wkh uhodwlyh dgydqwdjh ri wzr0fodvv yrwlqj1





























Wr xqghuvwdqg wkh uvw sduw ri wklv uhvxow/ uhfdoo wkdw uhodwlyh h!flhqf| lv dozd|v
ghqhg zlwk uhvshfw wr wkh vrfldo sodqqhu*v vroxwlrq1 Dovr/ uhfdoo wkdw zh ghqh dq
lqfuhdvh lq wkh frq lfw ri lqwhuhvw dv dq lqfuhdvh lq qf7qfa1K r z h y h u /d ql q f u h d v h
lq qf7  qfa dxwrpdwlfdoo| lpsolhv wkdw qf7  qf dqg qf  qfa lqfuhdvh/ vr hdfk
jurxs*v remhfwlyh pryhv dzd| iurp wkh vrfldo zhoiduh fulwhulrq= iru vwurqjhu frq lfwv
ri lqwhuhvw/ hdfk jurxs ri yrwhuv lv ohvv uhsuhvhqwdwlyh ri wkh srsxodwlrq ri yrwhuv dv d
zkroh/ khqfh wkhlu yrwlqj ehkdylru pryhv ixuwkhu rxw ri vwhs zlwk wkh uhtxluhphqwv
ri wkh vrfldo zhoiduh fulwhulrq/ dqg lqirupdwlrq djjuhjdwlrq ghwhulrudwhv uhodwlyh wr
wkh vrfldo rswlpxp1
64Lqirupdwlrq djjuhjdwlrq dovr ghwhulrudwhv dv wkh suhflvlrq ri wkh vljqdov gh0
fuhdvhv + 0 lqfuhdvhv,1 Wkh lqwxlwlrq iroorzv iurp wkh glvfxvvlrq ri jxuh 715 dqg
jxuh 914 deryh1 Frqvlghu wkh edvh fdvh zkhuh rqo| rqh fodvv ri yrwhuv/ iru h{dpsoh
wkh ayrwhuv/ pdnhv ghflvlrqv dqg wkh 7yrwhuv duh ljqruhg frpsohwho|1 Wkhq/
prylqj iurp wklv vlwxdwlrq wr d phfkdqlvp zlwk wzr fodvvhv lqfuhdvhv lqirupdwlrq
+dyrlg wkh plvwdnh lqglfdwhg e| uhjlrq LLL lq jxuh 914, dv zhoo dv qrlvh +lqwurgxflqj
wkh plvwdnh lqglfdwhg e| uhjlrq LY lq jxuh 914,1 Qrz/ revhuyh wkdw lqfuhdvlqj wkh
suhflvlrq ri wkh vljqdo lv vlplodu wr dgglqj d odujhu qxpehu ri yrwhuv zlwk vljqdov ri
d jlyhq suhflvlrq/ vlqfh wkh wrwdo dprxqw ri lqirupdwlrq lv lqfuhdvhg lq hlwkhu fdvh1
Li wkh qxpehu ri 7yrwhuv lv vpdoo/ wkhq wkh| dgg d odujh dprxqw ri qrlvh uhodwlyh
wr wkh lqirupdwlrq wkh| dgg/ dqg wkh dgydqwdjh ri wzr0fodvv yrwlqj lv vpdoo1 Iru d
odujh qxpehu ri 7yrwhuv/ wkh| dgg d orw ri lqirupdwlrq/ exw yhu| olwwoh qrlvh/ dqg
wzr0fodvv yrwlqj rhuv d vljqlfdqw dgydqwdjh1 Khqfh/ dv wkh suhflvlrq ri wkh vljqdo
lqfuhdvhv/ wkh dgydqwdjh ri wzr0fodvv yrwlqj lqfuhdvhv/ vlqfh wkh vhfrqg fodvv dggv
pruh wr wkh suredelolw| ri pdnlqj fruuhfw ghflvlrqv wkdq lw dggv wr wkh suredelolw|
ri pdnlqj dgglwlrqdo plvwdnhv +uhjlrq LLL lv pruh olnho| wkdq uhjlrq LY,1
:1 Glvfxvvlrq dqg Frqfoxvlrq
Wklv sdshu kdv dqdo|}hg wkh frpsdudwlyh dgydqwdjhv ri rqh0fodvv yrwlqj dqg pxowl0
fodvv yrwlqj ri Fkdswhu 44 edqnuxswf| surfhgxuhv lq d vlwxdwlrq zkhuh lqglylgxdov
gr qrw rqo| kdyh glhuhqwldo lqirupdwlrq/ exw dovr glhuhqw lqwhuhvwv zlwk uhvshfw
wr wkh sursrvdo ghflghg e| d yrwh1 Wkh jhqhudo qglqj lv wkdw lq d odujh qxpehu
ri fdvhv lw lv xvhixo wr vhjuhjdwh yrwhuv lqwr glhuhqw fodvvhv zklfk duh wkhq pruh
krprjhqhrxv zlwk uhvshfw wr yrwhuv* suhihuhqfhv1 Wklv dovr ohqgv vxssruw wr vrph
lqvwlwxwlrqv irxqg lq sudfwlfh lq dgglwlrq wr Fkdswhu 44 edqnuxswf| surfhhglqjv/
olnh elfdphudo sduoldphqwdu| v|vwhpv/ dqg vrph frqvwlwxwlrqdo dvvhpeolhv1
65Dw wklv srlqw zh qhhg wr hpskdvl}h wkdw zh kdyh qrw hvwdeolvkhg wkdw wzr0fodvv
yrwlqj lv lq dq| vhqvh wkh rswlpdo phfkdqlvp1 Fohduo|/ d vxshulru phfkdqlvp fdq
dozd|v eh irxqg zkhuh yrwhuv djuhh rq wkh sursrvdo lq frqmxqfwlrq zlwk d vfkhph ri
rvhwwlqj wudqvihuv1 Hhfwlyho|/ wudqvihuv zrxog frpshqvdwh iru wkh glvwulexwlrqdo
frqvhtxhqfhv ri d sursrvdo dqg dprxqw wr sursrvdov rq zklfk yrwhuv gr qrw kdyh
frq lfwlqj lqwhuhvwv1 Zh gr qrw vhh h{dpsohv ri wudqvihuv ri wklv nlqg/ suredeo|
ehfdxvh holplqdwlqj frq lfwlqj lqwhuhvwv lv qrw jhqhudoo| srvvleoh1
Dqrwkhu olplwdwlrq lv wkh vhtxhqwldo qdwxuh ri pdq| yrwlqj surfhvvhv/ vlqfh/ iru
h{dpsoh/ wkh glhuhqw fkdpehuv ri sduoldphqwv yrwh riwhq vhtxhqwldoo| udwkhu wkdq
vlpxowdqhrxvo|1 Ghnho dqg Slfflrqh +4<<<, vkrz wkdw vlpxowdqhrxv dqg vhtxhqwldo
yrwlqj jdphv surgxfh lghqwlfdo v|pphwulf htxloleuld zlwklq d vlqjoh0fodvv iudph0
zrun1 Lq vlqjoh0fodvv yrwlqj/ revhuylqj sulru yrwhv grhv qrw jlyh xvhixo lqirupdwlrq
lq dgglwlrq wr ehlqj slyrwdo1 Krzhyhu/ wklv uhvxow grhv qrw h{whqg wr wzr0fodvv
yrwlqj jdphv vlqfh revhuylqj wkh uvw fodvv* yrwh jlyhv xvhixo lqirupdwlrq iru wkh
vhfrqg fodvv lq dgglwlrq wr ehlqj slyrwdo1 Khqfh/ lw lv dq rshq lvvxh krz wkh hohfwlrq
rxwfrphv dqg h!flhqf| glhu lq d vhtxhqwldo wzr0fodvv yrwlqj phfkdqlvp1
66;1 Dsshqgl{ D= Surriv
S u r r ir iS u r s r v l w l r q6 1 6 =
Fohduo|=










Wdnlqj orjv rq erwk vlghv dqg vroylqj iru @ jlyhv wkh uhvxow1
Ohppd ;141 Lq doo v|pphwulf htxloleuld lq zklfk erwk w|shv yrwh uhvsrqvlyho| zh
kdyh wkdw +l, hlwkhu q
}
 :q f :q
K
 dqg doo yrwhuv ri w|sh  sod| sxuh vwudwhjlhv
+/}
 ' / /K
 'f ,/ ru +ll, q
}
 ' qf dqg /}
 	 / /K
 'f / ru +lll, q
K
 ' qf dqg
/}
 ' / /K
 : f1 Wkhuh lv qr htxloleulxp zkhuh f 	/ }
 	  dqg f 	/ K
 	 1
Surri ri Ohppd ;14=
Ohw hE@  mr eh wkh suredelolw| ri kdylqj h{dfwo| @   | h vy r w h vr x wr i
a n 7   yrwhuv lq vwdwh r zkhuh @ lv wkh vrfldo fkrlfh uxoh lq d vlqjoh0fodvv
yrwlqj1 Wkhq/ frqglwlrqdo rq ehlqj slyrwdo d yrwhu kdv eholhiv=
7 qE@'
hE@  m
hE@  mn hE @  m,
+;14,
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 :q f| dqg /j
 'fli q
j
 	q f1 Khqfh/ wkh uhvxow iroorzv iru
vlqjoh fodvv yrwlqj1




































Wkh uhvw ri wkh dujxphqw lv lghqwlfdo wr wkdw ri vlqjoh fodvv yrwlqj1
S u r r ir iS u r s r v l w l r q7 1 5 =
+ l ,Z hk d y hi r uy r w h u vr iw | s h wkdw q
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 lv wkh orzhvw lqwhjhu vxfk wkdw q
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Wdnlqj orjv rq erwk vlghv dqg vroylqj iru @W
 jlyhv wkh uhvxow1
68+ll, E| ghqlwlrq E@W
ac@ W
7 uhvxowv lqirupdwlyh ehkdylru lq erwk fodvvhv1 Lq dg0
glwlrq wr ehlqj slyrwdo li hdfk yrwhu lq fodvv 7 frqglwlrqv khu ghflvlrq rq kdylqj
+a ' @W
ac wkhq @7 ' @W  @W
a uhvxowv lq lqirupdwlyh ehkdylru lq fodvv 7 Khqfh/
li hdfk yrwhu lq fodvv 7 frqglwlrqv khu ghflvlrq rq khu fodvv ehlqj slyrwdo +l1h1/
+a  @W
acudwkhu wkdq +a ' @W
a,w k h q@7  @W  @W
a uhvxowv lq lqirupdwlyh ehkdylru1
Wkhuhiruh/ zh kdyh @W  @W
a n @W
71
S u r r ir iS u r s r v l w l r q7 1 6 =
+l, Li wkh vhw ri pdmrulw| uxohv E@7c@ a grhv qrw lqgxfh lqirupdwlyh ehkdylru
iru hdfk yrwhu/ wkh lqirupdwlrq fdqqrw eh djjuhjdwhg shuihfwo|1 Vr zh uhvwulfw
dwwhqwlrq wr vhw ri pdmrulw| uxohv zklfk lqgxfh vxfk ehkdylru1 Li @W :@ W
a n@W
7 wkhq
wkhuh lv d srvvlelolw| ri dssurylqj wkh sursrvdo hyhq li wkh qxpehu ri jrrg vljqdov
lv ohvv wkdq @W1 Wklv fuhdwhv d vrfldoo| lqh!flhqw rxwfrph1 Wkhuhiruh/ zh duh ohiw wr
suryh wkh sursrvlwlrq iru @W ' @W
a n@W
71 Rqh vkrxog qrwh wkdw wkhuh lv d srvvlelolw|
iru xqhyhq glvwulexwlrq ri vljqdov1 Iru h{dpsoh/ wrwdo qxpehu ri jrrg vljqdov pd|
h{fhhg @W dowkrxjk rqh ri wkh fodvvhv uhfhlyh ohvv wkdq @W
1 Khqfh/ wkh wkhuh lv dq
lqh!flhqf| frpsduhg wr wkh vrfldoo| rswlpdo rxwfrph1
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/ khqfh q
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K m qfa  qf7m
zklfk lv ylrodwhg iru mam/ m7m wrr odujh1
69+ll, Iurp wkh dvvxpswlrq lw iroorzv wkdw qf 	q f1 Khqfh /j
  /j
/ j 5i Kc}j1
Wkhq lw iroorzv iurp +l, wkdw /K
 	  , /K
 ' /}
 'dqg /K




S u r r ir iS u r s r v l w l r q9 1 4 =
Zlwkrxw orvv ri jhqhudolw|/ dvvxph wkdw hdfk mxqlru w|sh ljqruhv khu lqirupdwlrq
lq vlqjoh0fodvv yrwlqj1 Wkhq zh fdq lpsuryh rq wkh rxwfrph zhdno| e| vhwwlqj
@a 'fdqg fkrrvh @7 rswlpdoo|1
<1 Dsshqgl{ E= Wkh /Pdsslqj
Zh xvh wkh iroorzlqj qrwdwlrq iru wkh mxqlru yrwhuv dqg iru frqyhqlhqfh rplw wkh
avxevfulsw zkhqhyhu wkhuh lv qr dpeljxlw|1 Wkh suredelolwlhv ri yrwlqj c|hv* lq
wkh jrrg dqg wkh edg vwdwh/ uhvshfwlyho|/ duh jlyhq e| +616,1 Zh zloo uhshdwhgo|













@a3 E  ZE
a3@a E  0
E  0q7ZE
@a3 E  ZE
a3@a
 n 0E  q7ZE,
@a3 E  ZE,
a3@a
+<16,




















Htxloleulxp frqglwlrqv fdq eh zulwwhq dv q
C ' qfa li yrwhuv udqgrpl}h vxevhtxhqw
wr revhuylqj d jrrg vljqdo1 Wkhq q
 	q fa dqg /K
a 'f 1 Frqyhuvho|/ li wkh|
udqgrpl}h vxevhtxhqw wr revhuylqj d edg vljqdo/ zh kdyh q
 ' qfa/ lq zklfk fdvh
q
C :q fa dqg /
}
a ' 1 +Vhh Ohppd ;14,1 Wkhq zh fdq uhzulwh wkh uvw frqglwlrq
+q











Vlploduo|/ wkh vhfrqg frqglwlrq +q











Wkh qh{w vwhs lv wr ghwhuplqh wkh srvwhulru rggv diwhu revhuylqj wkdw wkh vhqlru
yrwhuv kdyh dffhswhg wkh sursrvdo1 Wkhvh rggv duhq7*E  q7 Iurp wkh ghqlwlrq




hE+7  @7 m
hE+7  @7 m,
+<1:,
Wkh qh{w vwhs lv wr ghwhuplqh wkh udqgrpl}lqj suredelolwlhv iru jlyhq ydoxhv ri -?
dqg -+1 Iurp +616,/ +<14, dqg +<15, deryh zh kdyh gluhfwo|=
-+ '
0/} nE  0/K
E  0/} n 0/K +<1;,
-? '




E  0E /}n0E  /K
+<1<,
Zh kdyh douhdg| hvwdeolvkhg wkdw wkh htxloleulxp fdq kdyh udqgrpl}lqj diwhu wkh
edg vljqdo ru udqgrpl}lqj diwhu wkh jrrg vljqdo/ exw qrw erwk1 +Ohppd ;14,1 Khqfh
zh kdyh wr glvwlqjxlvk wzr fdvhv=
Fdvh 4= Udqgrpl}lqj diwhu wkh jrrg vljqdo






  E  0/}




0E n -?  -?
+<143,
Fdvh 5= Udqgrpl}lqj diwhu wkh edg vljqdo
Lq wklv fdvh zh kdyh /K  f dqg /} ' 1 Wkhq=
-+ '
0 nE  0/K




Wkhq zh fdq vroyh=
/
K '
0E n -+  -+
0E n -+  
+<144,
Wkh odvw vwhs lv wr ghwhuplqh wkh U0ydoxhv iru -+ dqg -? lq htxloleulxp1 Zh




















































6<Wkhq htxdwlrqv +<143, dqg +<144, wrjhwkhu zlwk +<146, dqg +<148, dqg +714,














iru dq| jlyhq sdudphwhu yhfwru
E0c@ac@ 7c ac 7cqfacqf71
73Uhihuhqfhv
^4` Dxvwhq0Vplwk/ Gdylg dqg Edqnv/ Mhuh| V1/ 4<<9/ Lqirupdwlrq Djjuhjdwlrq/
Udwlrqdolw|/ dqg wkh Frqgrufhw Mxu| Wkhruhp/ Dphulfdq Srolwlfdo Vflhqfh
Uhylhz <3/ ss1 6707
^5` Fkzh/ Plfkdho Vxn0\rxqj/ 4<<</ Plqrulw| Yrwlqj Uljkwv fdq Pd{lpl}h Pd0
mrulw| Zhoiduh/ Dphulfdq Srolwlfdo Vflhqfh Uhylhz <6/ qr1 4/ ss1 ;80<:
^6` Ghnho/ Hgglh dqg Slfflrqh/ Plfkhoh/ 4<<</ Rq wkh Htxlydohqfh ri Vlpxowdqhrxv
dqg Vhtxhqwldo Elqdu| Hohfwlrqv/ Mrxuqdo ri Srolwlfdo Hfrqrp| +iruwkfrplqj,
^7` GhPdu}r/ Shwhu/ 4<<6/ Pdmrulw| Yrwlqj dqg Frusrudwh Frqwuro= Wkh Uxoh ri
wkh Grplqdqw Vkduhkroghu/ Uhylhz ri Hfrqrplf Vwxglhv 93/ qr1 537 +Mxo|,/
ss1 :460:67
^8` Hdvwhueurrn/ Iudqn K1 dqg Ilvfkho/ Gdqlho U1/ 4<;6/ Yrwlqj lq Frusrudwh Odz/
Mrxuqdo ri Odz dqg Hfrqrplfv 59/ qr1 5/ ss1 6<8075:
^9` Ihgghuvhq/ Wlprwk| M1 dqg Shvhqgruihu/ Zroijdqj/ 4<<;/ Frqylfwlqj wkh Lqqr0
fhqw= wkh Lqihulrulw| ri Xqdqlprxv Mxu| Yhuglfwv/ Dphulfdq Srolwlfdo Vflhqfh
Uhylhz <5/ qr1 5 +Pdufk,
^:` Ihgghuvhq/ Wlprwk| M1 dqg Shvhqgruihu/ Zroijdqj/ 4<<9/ Wkh Vzlqj Yrwhu*v
Fxuvh/ Dphulfdq Hfrqrplf Uhylhz ;9/ qr1 6 / ss1 73;0757
^;` Ihgghuvhq/ Wlprwk| M1 dqg Shvhqgruihu/ Zroijdqj/ 4<<:/ Yrwlqj Ehkdylru dqg
Lqirupdwlrq Djjuhjdwlrq lq Hohfwlrqv zlwk Sulydwh Lqirupdwlrq/ Hfrqrphwulfd
98/ qr1 8/ ss1 435<0438;
^<` Ihgghuvrq/ Wlprwk| M1 dqg Shvhqgruihu/ Zroijdqj/ 4<<9/ Wzr dowhuqdwlyh hohf0
wlrqv zlwk sulydwh dqg frpprq ydoxhv/ plphr/ Qruwkzhvwhuq Xqlyhuvlw|
74^43` Nohyrulfn/ Doylq N1/ Urwkvfklog/ Plfkdho/ dqg Zlqvkls/ Fkulvwrskhu/ 4<;7/ Lq0
irupdwlrq Surfhvvlqj dqg Mxu| Ghflvlrq Pdnlqj/ Mrxuqdo ri Sxeolf Hfrqrplfv
5 6 /q r 16/s s 15 7 8 0 5 : ;
^44` Odgkd/ Nulvkqd N1/ 4<<5/ Wkh Frqgrufhw Mxu| Wkhruhp/ Iuhh Vshhfk/ dqg
Fruuhodwhg Yrwhv/ Dphulfdq Mrxuqdo ri Srolwlfdo Vflhqfh 69/ qr1 6/ ss1 94:0
967
^45` Pdxj/ Huqvw dqg \opd}/ Elojh/ 4<<</ Wzr Fodvv Yrwlqj= Krz Pdq| Fkdp0
ehuv Pdnh d Jrrg SduoldphqwB/ plphr1
^46` PfOhqqdq/ Dqguhz/ 4<<;/ Frqvhtxhqfhv ri wkh Frqgrufhw Mxu| Wkhruhp iru
Ehqhfldo Lqirupdwlrq Djjuhjdwlrq e| Udwlrqdo Djhqwv / Dphulfdq Srolwlfdo
Vflhqfh Uhylhz <5/ ss1 746074;
^47` P|huvrq/ Urjhu E1/ 4<<;/ H{whqghg Srlvvrq Jdphv dqg Wkh Frqgrufhw Mxu|
Wkhruhp/ Jdphv dqg Hfrqrplf Ehkdylru 58/ ss1 4440464
^48` P|huvrq/ Urjhu E1/ 4<<</ Odujh Srlvvrq Jdphv / Mrxuqdo ri Hfrqrplf Wkhru|
+iruwkfrplqj,
^49` P|huvrq/ Urjhu E1/ 4<<;/ Srsxodwlrq Xqfhuwdlqw| dqg Srlvvrq Jdphv/ Lqwhu0
qdwlrqdo Mrxuqdo ri Jdph Wkhru| 5:/ ss1 6:806<5
^4:` \opd}/ Elojh/ 4<<;/ Vwudwhjlf Yrwlqj dqg Sur{| Frqwhvwv/ plphr/ Xqlyhuvlw|
ri Shqqv|oydqld
^4;` \rxqj/ K1 Sh|wrq/ 4<;;/ Frqgrufhw*v Wkhru| ri Yrwlqj/ Dphulfdq Srolwlfdo
Vflhqfh Uhylhz ;5/ qr1 7/ ss1 456404577
75